Neil Hanson

Lesson Title:

What’s Space
Grade: 9, 10, or above
Materials:


Calculator, Dr. Cushman’s math manipulatives, sand, paper clips, scissors, paper, ruler, (compass if you want)
Lesson Overview:


Students will calculate areas of circles, rectangles, and apply these ideas to calculate volumes of cylinders, rectangular prisms in order to understand volume
Lesson Objectives:

1. Students will recognize the utility of easy area formulas to calculate simple volumes
2. Students will demonstrate their knowledge of the concept of volume by answering the question as to does volume depend on the substance taking up space (volume). 
3.   Students will demonstrate their understanding that the distributive formula is      applicable only in certain situations
State Standards:


5A Apply formulas to find length, area, etc…


5C.Use dimensional analysis techniques

Anticipatory Set:


Before class begins cut out 2 rectangles from a sheet of paper that both have a width of 2 inches, but may be of different lengths. Cut out a rectangle that is of width 2 inches by the sum of the lengths of the separate rectangles that were cut out. Similarly, cut out two circles of radii 2 inches, and one of radius four inches. Have the students calculate the area of each of the separate rectangles first. At this point you may have to first ask students how to calculate areas of such specific figures. Then have the students calculate the area of the other single rectangle. Ask what they notice about the two calculations (equal). Have the students then place the two separate rectangles in series, and place it next to the whole rectangle. Ask them how this relates to the distributive property, and have them demonstrate their understanding by doing the calculation, and explaining their reasoning by describing that total area is length times width, so in order to find the total area of the two separate rectangles we must add the two lengths, and multiply by the common width of 2 inches. Next, have the students do the same procedure as above with the rectangles with the circles. That is, after calculating the respective areas, have them compare the areas. Ask them why the areas did not come out the same (areas are 2*Pi*4, Pi*16, respectively). Have them demonstrate this by placing the edge of the smaller circles at the center of the larger circle so that the edges of the two circles will touch the center of the larger circle and the edge of the larger circle. Make sure the students try this first themselves before you show them. After that, also ask the students if they could use the distributive property as they did in the case with the rectangles. Have the students answer this first before trying to apply the distributive property because it should be obvious that they cannot solely because they got different areas. Then show them why the distributive property does not apply algebraically, and explain that it does not work because we have a sum of squares in the addition of the areas of the two smaller circles. 
Developmental Activity:


Using a two hollow rectangular prisms, fill them both up part way with equal amounts of sand. Fill one hollow rectangular prism up with double the amount in one of the other partially filled rectangular prisms. Ask the students how much sand they think is in both of the partially filled ones in comparison to the doubly filled one (obviously they will say about double, if not, say it explicitly). Next do the same thing instead using paper clips so that the height of each rectangular prism is the same as that for the ones using sand. Next give the students the formula for the volume of a rectangular prism, and have them calculate the volumes for the paper clips and the sand filled rectangular prisms. Then ask the students how the number of paper clips in the prisms compare to the number of sand particles in the prisms (drastically different). Then ask the students how the volumes of each corresponding prisms compare (the same). Then, ask the students what they can conclude about the volumes of substances that are different, but fill a prism that has an equal base area, and an equal height (answer: equal. Thus, volume does not depend on the substances taking up space, but volumes of rectangular prisms are completely determined by our definition of length*width*height. Make sure that students understand this well, and especially that it is the human interpretation of “taking up space.” Next, draw on the board two cylinders of equal radii and equal height. Draw another one of the same radii but of double the height of the smaller cylinders drawn (Give numbers). Ask the students before calculating how the sum of the two volumes of the smaller cylinders will compare to the volume of the larger cylinder, but tell the students to remember what happened when we were calculating the sum of the areas of the two smaller circles and the larger circle in the Anticipatory Set. This is an attempt to confuse the students into thinking that they will not be equal, but the point of it is that the students will then realize that the height is not squared, so we can use the distributive property. Also at this point you should have the students re-compute the sum of the two areas of the smaller circles and the sum of the two volumes of the smaller circles explicitly so that they can for themselves actually do the calculation. This way they will know what is involved in calculating sums of areas of circles of given radii as opposed to sums of volumes of circles of given radii (squares of radii involved in summation versus no squares of radii involved in summation, so in the latter the distributive property may be used). 
Closure:


Reiterate to the students that the volume of space in a {rectangular prism, cylinder} is given by {volume=length*width*height= Base Area*height, volume=Area*height}. Also reiterate that volume calculated in this manner does not depend on the substance taking up the volume, but only depends on our algebraic definition.  Further make sure you reiterate that the sums of areas of circles of given radii is not equal to the calculated area using the sum of the radii squared (i.e. Pi*r^2+Pir^2≠Pi*(2r)^2, i.e. you cannot add the radii and then apply the area of a circle formula). Then make sure you reiterate that for finding the volume of a sum of cylinders of the same radii, we can add the heights and then apply the formula (i.e. Pi*r^2*height1+Pi*r^2*height2=Pi*r^2*(height1+height2).
Assessment:


Draw on the board a cylinder of radius 4 and height 4. Draw two separate cylinders both of radius 2, and both of height 4. Ask the students to think first about how the sums of the two smaller cylinders volumes compare to the volume of the larger cylinder, and give you an answer + explanation. Then have them do the calculation explicitly, and then ask them how their original explanation compared to a new explanation that they might have. The answer to this without using algebra or the description of the distributive property argument can be done cleverly but using the same argument that was used in the anticipatory set visually for comparing the areas of the sums of the two smaller circles as compared to the larger circle by fitting the circles inside the larger circle, and then imagining creating the height of the generated cylinders much like a building going up. This provides an answer using previous knowledge of comparing areas of circles to answer the volume question in a visual manner, but also can be done using the explicit formulas.
