Problem Set #3

1.  Maya bought two unusual sandglasses.  One measures a nine-minute interval, and the other measures a thirteen-minute interval.  A certain love potion needs to boil for exactly 30 minutes.  Is it possible to measure such a time interval with these sandglasses under the additional stipulation that you turn over the glass(es) for the first time just as the potion starts to boil?

2.  Take an odd integer; square it; then divide by 8.  Can the remainder be 3?  Can it be 7? (Of course, just “yes” or “no” is not an acceptable answer.  You must explain why the proposed remainder can or cannot occur.)

3.  Two players play the following game:  Thirteen markers are arranged in a circle.  Each player removes either one marker or two contiguous markers (i.e. markers that started out next to each other.)  The player who takes the last marker wins.  Is there a winning strategy for one of the players?  If so, for which one, and what strategy?  (A winning is a rule for how to play your moves that will always lead to a win.)

4.  You have 22 coins which all weigh the same and 2 coins that are heavier than the rest, but equal in weight to each other.  You have a balance that can compare two groups of coins.  What is the smallest number of weighings necessary to find the two heavy coins? 

5.  Peter leaves his home at 10 AM and bicycles towards Sarah’s home.  At 11 AM, Sarah leaves her home by car to deliver an urgent message to Peter.  She and Peter meet at 11:30 AM.  If Peter and Sarah live 34 miles apart, and Sarah drives 20 mph faster than Peter bicycles, find Peter’s bicycle speed.

6.  My colleague’s daughter wanted to be a stop sign for Halloween, and he needed to cut out such a sign from a piece of cardboard that was 3 feet by 4 feet.  What cuts did he make so that the stop sign (a regular octagon) was as big as possible?

7.  Find the sum of all the distinct 4-digit numbers that have the property that their digits are among {1, 2, 3, 4, 5} and no digit appears twice in the same number.

