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TEACHING FOR
MATHEMATICAL PROFICIENLCY

Previous chapters have described mathematical proficiency as the intc-
grated attainment of conceptual understanding, procedural fluency, strategic
competence, adaptive reasoning, and productive disposition. Effective forms
of instruction attend to all these strands of mathematical proficiency. In this
chapter we turn from considering what there is to learn and what is known
about learning to an examination of teaching that promotes learning over time
so that it yields mathematical proficiency.

Instruction as Interaction

Our cxamination of tcaching focuscs not just on what tcachers do but  We view the
also on the nzeractions among teachers and students around content,'  Rathcr than  teaching and

considering only the zeacker and what the feackher does as a source of teaching learning Of
. . . . . - mathematics

and learning, we view the teaching and learning of mathematics as the prod- 0

uct of interactions among the teacher, the students, and the mathematics in  product of

an nstructional triangle (see Box 9-1). interactions

Certainly the knowledge, beliefs, decisions, and actions of teachers affect  @mong the
what is taught and ultimately learned. But students’ expectations, knowl- ;iﬁg:i:';he
cdgc, intcrests, and responscs also play a crucial role in shaping what is taught 51 the '
and lcarncd.  For instruction to be cffective, students must have, perceive,  mathematics.
and use their opportunities to learn. The particular mathematical content
and its representation in instructional tasks and curriculum materials also
matter for teachers’ and students’ work, but teachers and students vary in
their interpretations and uses of the same content and of the same curricular

resources. Students interpret and respond differently to the same mathemati-
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Box 9-1

The Instructional Triangle:
Instruction as the Interaction Among Teachers,
Students, and Mathematics, in Contexts

teacher

O\

students — >
mathematics

students

SOURCE: Adapted from Cohen and Ball, 1999, 2000, in press.

cal task, ask different questions, and complete the work in different ways.
Their interpretations and actions affect what becomes the enacted lesson.
Teachers’ attention and responses to students further shape the course of
instruction. Some teachers may not notice how students are interpreting the
content, others may notice but not investigate further, and still others may
noticc and respond by reiterating their own interpretation.

Morcovcr, instruction takes place in contcxts., By conzexts we mean the
wide range of environmental and situational elements that bear on instruc-
tion—for instance, educational policies, assessments of students and teachers,
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school organizational structures, school leadership characteristics, the nature
and organization of teachers’ work, and the social matrix in which the school
is embedded. These matter principally as they permeate instruction—that
is, whether and how they cnter into the interactions among tcachers, stu-
dents, and content.?  Ilence, what gocs on in classrooms to promotc the
development of mathematical proficiency is best understood through an
examination of how these elements—teachers, students, content—interact
in contexts to produce teaching and learning,

Much debate centers on forms and approaches to teaching: “direct

ELEN 1Y

instruction” versus “inquiry,” “teacher centered” versus “student centered,”
“traditional” versus “reform.” These labels make rhetorical distinctions that
often miss the point regarding the quality of instruction. Our review of the
rcscarch makces plain that the cffectiveness of mathematics tecaching and Icarn-
ing does not rest in simple labels. Rather, the quality of instruction is a func-
tion of teachers’ knowledge and use of mathematical content, teachers’
attention to and handling of students, and students’ engagement in and use
of mathematical tasks. Moreover, effective teaching—teaching that fosters
the development of mathematical proficiency over time—can take a variety
of forms, To highlight this point, we use excerpts from four classroom lessons
and analyzc what we sce going on in them in light of what we know from
rescarch on teaching,

Four Classroom Vignettes

The pedagogical challenge for teachers is to manage instruction in ways
that help particular students develop mathematical proficiency. High-quality
instruction, in whatever form it comes, focuses on important mathematical
content, represented and developed with integrity. It takes sensitive account
of students’ current knowledge and ways of thinking as well as ways in which
those develop. Such instruction is effective with a range of students and over
timc develops the knowledge, skills, abilitics, and inclinations that we term
mathematical proficicncy.

The four classroom vignettes we present below offer four distinct images
of what mathematics instruction can look like. Each vignette configures dif-
ferently the mathematical content and the roles and work of teachers and
students in contexts; hence, each produces different opportunities for math-
ematics teaching and learning, Two points are important to interpreting and
using these vignettes. First, to provide a close view, each vignette zooms in
on an individual lesson. LEffcctive instruction, however, depends on the
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coherent connection over time among lessons designed collectively to achieve
important mathematical goals. For example, some of these teachers may be
attempting to develop students’ productive disposition toward mathematics
and as mathematics learners, but it is difficult to pinpoint isolated attempts in
a singlc Icsson since that development takes place gradually—over months
rathcr than minutes. Sccond, rather than sccking to arguc that onc of thesc
lessons is “right,” our analysis probes the possibilities and the risks each affords.
The instructional challenge in any approach to teaching and learning is to
capitalize on its opportunities and ward off its pitfalls.

The first example (Box 9-2) is typical of much teaching that many Ameri-
can adults remember from their own experience in mathematics classes,” Note
how the teacher, Mr. Angelo, constructs the lesson in a way that structures
the students’ path through the mathematics by tightly constraining both the
contcnt and his students’ cncounters with it.  "I'hc approach used by
M. Angelo structures and focuses students’ attention on a specific aspect of
the topic: multiplying by powers of 10. He has distilled the content into an
integrated “rule” that his students can use for all instances of multiplication
by powers of 10.

Box O-2

Mr. Angelo—
Teaching Eighth Graders Aboutr Multiplying
by Powers of 10

After a conducting a short warm-up activity and checking a homework assignment
that focused on multiplying by 10, Mr. Angelo announces that the class is going to
work on multiplying by powers of 10. He is concerned that students tend to per-
form poorly on this topic on the spring tests given by the school district, and he
wants to make sure that his students know what to do. He reviews briefly the idea
of powers of 10 by showing that 100 equals 102, 1000 equals 10%, and so on. Going
to the overhead projector, he writes the following:

4x10= 45 x 100 = 450 % 100 =

“Who knows the first one?” Mr. Angelo asks. “Luis?” “Forty,” replies Luis. Nod-
ding, Mr. Angelo points to the second, “And this one?” Sonja near the front offers,
“Forty-five hundred.” “That's right—forty-five hundred,” affirms Mr. Angelo, and
he writes the number on the overhead transparency. “And what about the last
one?” he asks. "Forty-five thousand,” call out several students.
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Writing “45,000,” Mr. Angelo says, “Good, you are all seeing the trick. What is it?
Who can say. it?”

Several hands shoot into the air. Ethel says, “You just add the same number of
zeros as are all together in the number and in the number you are multiplying by.
Easy.” “Right,” says Mr. Angelo. “Let’s try some more and see if you are getting it.”

He writes three more examples:
30x70= 40 x 600 = 45 % 6000 =

“So who can do these?” he asks, looking over the students. "What's the first
one?” “Three hundred!” announces Robert, confidently. Mr. Angelo pauses and
looks at the other students. “Who can tell Robert what he did wrong?”

There is a moment of silence and then Susan raises her hand, a bit hesitantly. “I
think it should be twenty-one hundred,” she says. “You have to multiply both the
3 and the 7, too, in ones like this. So 3times 7 is 21, and then add two zeros—one
from the 30 and one from.the 70.” “Good!” replies Mr. Angelo. “Susan reminded
us of something important for our trick. It's not just about adding the right number
of zeros. You also have to look to see whether the number you are multiplying by
begins with something other than a 1, and if it does, you have to multiply by that
number first and then add the zeros.” He writes 2100 after the equals sign and
continues with the remaining examples.

Mr. Angelo writes another three examples on the overhead:
45x0.1= 45x%0.01= 4,5x%0.001=

“l wonder whether | can fool you. Now we are going to multiply by decimals that
are alsc powers of 10: one tenth, one hundredth, one thousandth, and so on. We'll
do easy ones to start.” . Who knows the first one?” he asks. “Luis?” “Point four
five,” replies Luis. Nodding, Mr. Angelo rephrases Luis's answer; “Forty-five hun-
dredths.” He then points to the second, “How about this one?” Nadya responds,
“Point zero four five,” almost inaudibly. “That’s right. Forty-five thousandths,”
Mr. Angelo affirms, and he writes the number on the overhead. “And what about
the last one?” “Point zero zero forty-five,” responds the girl near the front again.

Mr. Angelo writes “0.0045" and says, “Good, does anyone see the rule. Who can
say it?”

After a long pause, one hand in the back goes up. ”You just move the decimal
point.”

continued
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Box 9-2 Continued

“Right,” says Mr. Angelo. . “You move the decimal point to the left as many places
as there are in the multiplier.* But think now. What did we decide happens to the
product when we multiply a decimal by 10, 100, or 1,000? These are the powers of
10 that are greater than one, right?”

This time several hands go up.

“You just add the same number of zeros to the end of the number as are in the
number you are multiplying by.”

“Qkay, that is what we said. But now we are ready for a better rule now that we
have looked at some powers of 10 that are less than one. They are numbers like
one tenth, one hundredth, one thousandth, and so on. Instead of having two com-
pletely different rules, it is better to have one good rule. And here it is. Listen
carefully:

“When you multiply by a power of 10 that is greater than one, you move the deci-
mal point to the right as many places as the number of zeros in the multiplier.
When you multiply by a power of 10 that is less than one, you move the decimal
point to the /eft as many places as there are in the multiplier.”

Mr. Angelo illustrates the movement of the decimal point with a colored pen. He
explains, "You can remember which way to move the decimal point if you remem-
ber that multiplying by a number greater than one makes the product bigger and
multiplying by a number less than one makes the product smaller. Right makes
bigger, left makes smaller.”

“Let’s practice this a bit now and get it under our belts.” Mr. Angelo passes out a
worksheet with 40 exercises that resemble what was done in class. He goes over
the first exercise to make sure his students rememberwhatto do. While the students
work, Mr. Angelo circulates around the room, answering questions and giving hints.
The students make a variety of computational errors, but most seem able to use
the rule correctly. Mr. Angelo is pleased with the outcome of his lesson.

* Mr. Angelo is referring to the number of places between the decimal point and
the last nonzero digit in the multiplier. Strictly speaking the first factorin a product
is the multiplier. But because of the commutative property, Mr. Angelo uses the
term for whichever factor he wishes to focus on.
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"This lesson focuses on mathematical procedures for multiplying by powers
of 10. Mr. Angelo designs the work to progress from simple examples
(multiplying by 10, 100, and 1,000), to more complex ones (multiplying by
multiplcs of powcrs of 10), to multiplying by powcers of 10 Icss than onc.* Ilc
stages the cxamples so that the procedure he is trying to tcach covers more
and more cases, thus leading to a more general rule usable for multiplication
by any power of 10 other than 10° = 1.

Mr. Angelo asks brief questions to engage students in the steps he is
taking. By giving the students a rule, he simplifies their learning, heading off
frustration and making getting the right answer the point—and likely to be
attained. Concerned about the spring testing, he attempts to ensure that his
students develop a solid grasp of the procedure and can usc it reliably, Llc is
carcful to conncct what arc often two disjointed fragments: a rule for adding
zeros when multiplying by powers of 10 greater than one and a different rule
for moving the decimal point when multiplying by powers of 10 less than
one.

Although Mr. Angelo integrates these two “rules,” he does not work in
the underlying conceptual territory. He does not, for example, explain why,
for problems such as 30 X 70 = ?, students multiply the 3 and the 7. He might
have shown them that 30 X 70 = 3 X 10 X 7 X 10 and that, using associativity
and commutativity, onc can multiply 3 by 7 and then multiply that product
by 10 times 10, or 100. Instcad, he skips this opportunity to help the proce-
dure make sense and instead adds an extra twist to the rule. He also does not
show his students what they are doing when they “move the decimal point.”
In fact, of course, one does not “move” the decimal point. Instead, when a
number is multiplied by a power of 10 other than one, each digit can be thought
of as shifting into a new decimal place. For example, since .05 is one fenth
times .5, in .5 X 107" = 7, the 5 can be thought of as shifting one place to the
right—to the hundredths place, which is onc tenth of onc tenth. Ifa Sisin
the tens place, then multiplying by 10 shifts it to the left one place, to the
hundreds place: What was 50 is now 500. Describing these changes in terms
of “adding zeros” or “moving the decimal point” stays at the surface level of
changes in written symbols and does not go beneath to the numbers them-
selves and what it means to multiply them. Students miss an opportunity to
see and use the power of place-value notation: that the placement of digits in
a numeral determines their value. A 5 in the tens place equals 50; in the
hundrcdths place, 0.05; and in the oncs place, 5. Mr. Angclo offers his stu-
dents an cffective and mathematically justifiable rule, but he docs so without
exploring its conceptual underpinnings.
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In lessons such as Mr. Angelo’s, mathematics entails following rules and
practicing procedures, often with little attention to the underlying concepts.’
Procedural fluency is given central attention, Adaptive reasoning is not
Mz, Angclo’s goal: I1c docs not offcr a justification for the rule he is teaching,
nor docs he engage students in rcasoning about the structure of the place-
value notation system that is its foundation. He focuses instead on ensuring
that they can use it correctly. Other aspects of mathematical proficiency are
also not on his agenda. Instead, Mr. Angelo has a clear purpose for the lesson,
and to accomplish that purpose he controls its pace and content. Students
speak only in response to closed questions calling for a short answer, and
students do not interact with one another, When a student gets an answer
wrong, Mr. Angclo signals that immediately and asks somconc clsc to pro-
vide the correct answer. 'L'he lesson is paced quickly.

We turn now to our second teacher, Ms. Lawrence, who is working with
her fifth graders on adding fractions (Box 9-3). Ms. Lawrence’s goals are
different from Mr. Angelo’s. Although she also structures the lesson to
accomplish her goals, unlike Mr. Angelo, she emphasizes explanation and
reasoning along with procedures. The pace of the lesson is carefully con-
trolled to allow students time to think but with enough momentum to en-
gage and maintain their interest.

Box 9-3

Ms. Lawrence—
Teaching Fifth Graders About Adding Fractions

After a few minutes in which the class does mental computation to warm up, Ms.
Lawrence reviews equivalent fractions by asking the students to provide other
names for % She asks the class what fractions are called that “name the same
number.” On the chalkboard she writes a problem involving the addition of frac-
tions with like denominators:

3
8+

ol

She asks the students how to find the sum. . One student, Betsy, volunteers that
you just add the numerators and write the sum over the denominator. “Why does
this work?” Ms. Lawrence asks. She asks Betsy to go to the board and explain.
Confidently, Betsy draws two pie diagrams, one for each fraction, and explains
that the denominator tells the size of the pieces and the numerators how many
pieces all together:
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In response, Ms. Lawrence poses another problem, this time involving unlike de-
nominators: % + % =? "How would we find the sum of these two?"” she asks.
Stepping back, she gives the students a chance to think. She then asks whether
the sum would be less than or greater than 1. Several students raised their hands,
eager to respond. Ms. Lawrence calls on Susan, who explains that the sum would
be less than 1 because % is less than % and % + % equals exactly 1.

Ms. Lawrence then asks how you could find the exact sum. Jim raises his hand
and offers £ and % as equivalent fractions with a common denominator. Ms.

12
Lawrence writes on the chalkboard as Jim dictates:

2,1_8,3_(8+3_m
3 4 12 12 12 1
8,3 _1n
12 12 12

She asks Jim why he chose 12 as the common denominator. “Twelve is the small-
est number that both 3 and 4 go into,” replies Jim. “How did you come up with
that?” Ms. Lawrence asks. “By multiplying 3 and 4,” he answers.

Ms. Lawrence turns to the class. “Let's take a closer look. . Jim got the equivalent
fractions by multiplying the numerator and denominator of each fraction by the
denominator of the other fraction. So if we show all the steps, it looks like this.”
She then reworks the problem to make her point, justifying each step by giving a
property of the rational numbers:

x4)+(‘lx3)=(2x4)+(1x3)=(8+3)=ﬂ
x4) (4x3) (3x4) 12 12

WM

wn
+
=

Ms. Lawrence stops and looks at the students. “How do we know that what Jim
did makes sense? How do we know that he is adding the same fractions as in the
original problem: 2 and %? This is really important. Maybe he has just added
two other fractions.”

continued
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Box 9-3 Continued

“Oh!” exclaims Lucia. “l know! Two thirds is equivalent to eight twelfths. We
could show that with a picture like what Betsy drew for three eighths and four
eighths. If we draw two thirds on a pie that has three pieces, those two pieces will
actually make eight pieces on that same pie if it's divided into 12. But the eight
pieces, eight twelfths, will equal the same total amount of pie as two pieces that
are each one third of the pie.” She pauses, and beams, looking at Ms. Lawrence
expectantly. “ls that right?”

“Yes, you explained it well,” says Ms. Lawrence. “Can someone come up and
make pictures to show what Lucia just said?”

Several hands go up, and Ms. Lawrence picks Nicole, who comes to the board and
represents accurately what Lucia said. Ms. Lawrence makes a few additional
remarks to make sure that all the students understand.

Ms. Lawrence continues with three more examples, showing all the steps in each.
She then asks the students to generalize the process by writing “a rule that would
work for any two fractions.” . Several students volunteer a verbal rule. “Let's try
this out on a couple of less obvious examples,” she says, writing on the overhead
projector:

1

1
FE
24

oo
+

L
16

al>

Ms. Lawrence asks the students to work on these problems in pairs. Asthe students
work, she walks around, listening, observing, and answering questions. Satisfied
that the students seem to understand and are able to carry out the procedure, she
assigns a page from their textbook for practice. The assignment contains a mix-
ture of problems in adding fractions, including some fractions that already have
like denominators and many that do not, and in adding whole numbers as well as
several word problems.

Ms. Lawrence wants the practice that she provides to require the students to think
and not merely follow the algorithm blindly. She believes that this way of working
will equip them well for the standardized test her district administers in April and
the basic skills test they have to take at the beginning of sixth grade. She expects
the students to remember the procedure because they have had opportunities to
learn why it makes sense. She knows that this approach is understandable to her
students’ parents, while at the same time she is stretching them beyond what
some have been demanding—a solid focus on basic skills. She feels comfortable
with the balance she has struck on these issues.

SOURCE: This vignette was constructed to embody the principles from Good,
Grouws, and Ebmeier, 1983.
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In this lesson, Ms. Lawrence is trying to develop her students’ ability to
add fractions with like or unlike denominators, She wants them to under-
stand how to convert fractions to fractions with the same denominator and
add them, and to have a rcliable procedurce for doing so. She also wants them
to understand why the procedurc works. Iler Icsson is designed to cngage
the students actively in the conceptual and procedural development of the
topic. She begins by reviewing equivalent fractions, a concept both familiar
and necessary for the new work. She poses a variety of questions and expects
the students to explain their reasoning. She does not stop with well-articulated
statements of the procedure but demands explanation and connection to the
underlying meaning. She secks to make the procedure make sense by asking
for and providing cxplanations.

In this Icsson, time is spent in a varicty of ways to address Ms. Lawrencc’s
goals: The students spend time practicing mental computation, developing a
general rule for adding fractions, explaining and making sense of others’
explanations, and working with a partner to practice on more complex
examples of what they were learning. The lesson proceeds at a steady pace,
but one that affords time for developing the ideas. Ms. Lawrence checks to
see whether the students are understanding before she assigns them inde-
pendent work, and the assignment mixes familiar and extension problems to
help strengthen students’ proficient command of the content. Although the
focus of the lesson is not on strategic competence, when she asks students to
estimate the sum of two fractions, she is helping them become sensitive to
strategies they might use.

QOur third teacher, Mr. Hernandez, is working on making and linking dif-
ferent representations of rational numbers (Box 9-4). He works hard to engage
all his students in active work on the mathematics, Toward that end, he asks
challenging questions that allow for a variety of solutions, and he expects the
students to push themsclves. 1lc is conscious of the district and statc basic
skills asscssments, but he has concluded that if he invests in this sort of work
with his students, it pays off in their preparedness for the test. Occasionally,
he finds that the approach is not working for some of his students, and he
seeks ways to build their skills more solidly. He worries a bit, since the parents
have been quite vocal in his school, with much pressure about getting students
to algebra in eighth grade. He takes a strong stand on the importance of
developing a solid foundation with number and representation, particularly
with rational numbers.

‘I'his lesson is different from cither Mr. Angclo’s or Ms. Lawrence’s.
M:r. Hernandez has selected a task that draws on students’ past experience
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Box O9-4

Mr. Hernandez—
Teaching Seventh Graders About Representations of
Rational Numbers

Mr. Hernandez presents his seventh graders with a set of rectangular grids of various
sizes. He lists specified portions of these areas—as a percentage of the total, a
fraction of the total, a decimal fraction of the total, or a specific number of squares—
and the students are to shade that portion. For each region shaded, he asks them
to give a fraction, a decimal, or a percent to represent the shaded part of the total
area. After working on the problems alone, the students are expected to be able to
explain their strategies to the rest of the class.

After the students have had a chance to work on the task for about 15 minutes,
Mr. Hernandez calls on Michelle to do the first problem at the overhead projector:

Shade .725 of the area of an 8-by-10 grid

Drawing a grid on the transparency, Michelle incorrectly shades 72.5 of the 80
squares. Mr. Hernandez asks her to explain her thinking. ”I'm not sure,” she
admits. He then asks her to reread the problem. He asks the class to think about
what would happen if they tried to distribute 100% across the 80 squares. “Each
square would represent more than 1%,” responds Michelle, a glimmer of under-
standing on her face. “Wouldn't each square represent 1.25%?" asks Eric. Michelle
thinks for a minute and then explains that after allocating 1 percent to each square
there would be 20 left over and that 20 divided among 80 would give one quarter
more for each square or 0.2b. . “Oh, | seel” exclaims Michelle excitedly, doing
some calculations off to the side of the transparency. “Fifty-eight squares should
be shaded for 72.5% of 80, because 58 times 1.25 equals 72.51 Is that it?”

In the discussion that follows, Louis says that he multiplied 0.725 by 80 to get 58
and explains that he obtained a fraction 58 and reduced it to Z—g Jenny says that
she divided 80 squares into 10 equal columns of eight squares each and then shaded
seven columns (56 squares) and two more squares (because 2 is 1 of 8, which
equals 0.025 of 80) for a total of 58 squares. Lynn explains how she used a calcu-
lator to find her solution.

Throughout the lesson, Mr. Hernandez presses the students to make their reason-
ing explicit and to explain their solution processes. He requires them to say what
the symbols and representations mean in the context of the problems they are
solving.  When the students arrive at a numerical answer, he asks questions such
as “Can you explain what that number refers to?”
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To wrap things up for today, Mr. Hernandez summarizes the different strategies
presented. He then assigns a similar set of problems for homework and asks the
students to experiment with the various strategies they had seen in class with an
eye toward determining the one they thought "best.” "What does it mean for a
strategy to be ‘best’?” asks Laura. “Good question!” says Mr. Hernandez. “That's
part of what | want you to think about. What criteria would you use to decide
whether one strategy was better than others?” Several hands shoot up, but he
waves them down. “We'll discuss that tomorrow. | want everyone to work on this
first.”

SOURCE: Adapted from Henningsen and Stein, 1997.

with decimals, percents, and fractions—all of which they have modeled using
multiple representations prior to this lesson—while also setting them up to
extend their proficiency in this domain. He has used this same task many
times and has discussed it with other teachers who have also used it with
their students. He knows what students are likely to do and where they
might stumble. Ilc has prepared questions to help move the work firmly
toward the mathematical goal. 1lc is able to take advantage of students’ qucs-
tions as they arise. He appraises the mathematical value of their questions
and makes careful decisions, on the spot, as to which are worth taking up in
class, which might be better simply answered, and which merit individual
work but do not seem worth bringing up in class for everyone’s consideration.

The students have had considerable experience representing areas other
than the usual 10 X 10 grid. At the same time, the task Mr. Hernandez pre-
scnts is not yet routine for the students and is open to a varicty of solution
stratcgics. Ilc docs not tell them what to do; instead, he uscs the task as the
medium for the lesson development. Mr. Hernandez has given the discus-
sion of multiple solution strategies a great deal of thought before making it
part of the lesson, for he is aware that explicitly examining the correspon-
dences among alternative representations 1s crucial. If students merely see
different representations without explicit attention to their correspondences,
the lesson he is teaching will not produce the learning that he is striving for.
‘I'he discussion of multiple solution strategics at the overhead projector pro-
vides an opportunity for Mr. Ilernandcz and scveral of the students to modcl
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adaptive reasoning and conceptual understanding. He also knows how much
he has to do to make sure that the productive work the students are doing
comes together at the end. He has found this way of working valuable. He is
scnsitive to the critical role that he plays during the lesson, cven though it
scems that the students arc doing a large amount of the talking and the work.

We have been looking at upper elementary and middle school classrooms.
In the last sample lesson (Box 9-3), a fourth teacher, Ms. Kaye, is attempting
to develop her first-grade students’ understanding of subtraction as it is used
to compare quantities. She wants the students to find and consider their own
ways of making comparisons of two-digit whole numbers in which the larger
number has the smaller digit in the ones place.,

Box 9-5

Ms. Kaye—
Teaching First Graders About Comparing Prices

Ms. Kaye gives her first-grade class a problem that involves comparing prices on a
menu. She reads the following problem. several times and writes the numbers on
the overhead projector;

At Wu's Dairy a single ice cream cone costs 59¢. A double costs 85¢.
How much more does a double dip cost than a single dip?

The children eagerly set to work on the problem at their desks. A number of tools—
including counters of various kinds, plastic coins, and base-10 blocks—are avail-
able in the corner of the room. While the children work, Ms. Kaye talks with indi-
vidual children about their solutions.

Ms. Kaye stops at Kurt's desk and asks him what he is doing. He explains that he
is trying to find out how much more 85 is than 59 and proceeds to make 59 with
base-10 blocks. Ms. Kaye asks him what he is going to do next. Without answer-
ing, Kurt makes 85, again with the blocks. Once more Ms. Kaye asks him what he
is going to do next. Staring at the blocks, Kurt does not respond. Ms. Kaye asks
what he is trying to figure out. “How much bigger 8b is than 59,” he murmurs. He
does not seem know how to proceed. Ms. Kaye focuses his attention on the base-
10 blocks and asks whether they could help him figure it out. Saying that he wants
find out how much more there is in the 85 set of blocks than the 59 set, Kurt pro-
ceeds to match the two sets, pairing block for block. He trades in a rod (a 10) from
the 85 set for 10 ones to make possible the matching of the b ones and the 9 ones.
After the matching is complete, Kurt counts the blocks left unmatched and gets
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two rods (tens) and six units (ones). “That’s 26 more,” he announces, looking up
and smiling at his accomplishment.

This interaction with Kurt takes about five minutes. Continuing to circulate around
the class, Ms. Kaye works with five more students in a similar fashion, asking
guestions, watching, listening carefully, and guiding where needed.

After about 15 minutes of individual work by the students, Ms. Kaye gathers the
class together for a discussion of the problem. Some of the students are asked to
share their solutions with the rest of the class. As they do, Ms. Kaye asks them to
explain what they are doing and why. She asks the children to compare solutions:
“How is Mina's solution like the one Brian showed? How is it like Liona's?  Are
there differences?” Five children present their solutions. Two have counted up
from 59 to 85, although using different approaches. Another counts with money
from 59¢ to 85¢. One has subtracted 59 from 85, another 59¢ from 85¢. One child
has 34¢ for an answer, and Ms. Kaye gently guides her to see where she made an
error, which she corrects.

After each child finishes, Ms. Kaye tries to make sure that the presented solution is
clear. She also keeps asking the class to compare the different strategies. Ms.
Kaye presents a new problem, and the work begins again, following the same
pattern as before. Again, she works with individual students. Over the course of
the class period, she is able to work individually with almost half the class; the
next day, while working on the next set of problems, she will try to get to the rest.

At the end of the lesson, Ms. Kaye asks the children to summarize what they did in
class by writing in their math journals. She reads over their shoulders and notes
how much more articulate they are becoming in speaking and in writing. She
passes out a sheet of paper with a problem for homework, asks them to put the
sheet in their backpacks, and sends them out for recess.

SOURCE: Adapted from Carpenter, Fennema, Fuson, Hiebert, Human, Murray,
Olivier, and Wearne, 1999.

In this lesson, students work on contextualized problems—problems sct
in a rcalistic context—that arc designed to develop their ability to model
situations and use arithmetic operations to solve questions about comparing
quantities. Developing the students’ representational ability and adaptive
reasoning is an explicit goal. In particular, Ms. Kaye is trying to develop in



Adding It Up: Helping Children Learn Mathematics (2001)

hetpz//www . nap.cdw/openbook/30R06Y955/html/328. html, copyright 2001, 2001 "The National Academy of Sciences, all rights reserved

Aoong It Lie

her students the inclination and skill to compare alternative representations
for a problem situation and their solutions to the problem. She has been
impressed by their developing capacity to work sensibly with numbers larger
than she would have cxpccted scveral years ago. Ms. Kayce is also deliber-
atcly working on helping the students develop language as a tool for doing
mathematics: to pose and respond to questions, to give explanations, to reflect
on their work. The lesson is structured in a way that enables Ms. Kave, when
the class is working independently, to deal individually with students, guid-
ing their work in particular ways while remaining attuned to each student’s
efforts and progress,

The approach Ms, Kaye is using takes considerable planning: The task
that the students arc doing must be mathematically productive of the next
step in the curriculum, and it must also be cngaging and appropriatcly diffi-
cult for all the children, so that they are able to work without constant super-
vision. It also takes developing norms in the class whereby the teacher can
work individually with students and be able to attend closely to the math-
ematical knowledge and ways of reasoning being used by each child. This
approach is worth developing, Ms. Kaye believes, for it continually provides
her with accurate information about what the students are learning, informa-
tion she uses to shape how she continues the lesson, The lesson also pro-
vides students with time to work alone, uninterrupted by others’ thinking, as
well as with time to sharc and comparc idcas, mcthods, and results. Ms. Kaye
is aware of risks she runs with this approach. For example, when students
share different methods, they may become confused. Students may end up
wondering what the right answer to the problem 1s. However, she has seen
the benefits of this approach and is committed to continuing to work on
developing her skills in working with students in these ways. She knows that
some parents are pleased and others worried about what she is doing. She
works hard to keep the parents informed and frequently invites them in to
obscrve and later talk with her about what she and the children arc doing.
She finds that this investment in parents’ awareness and support has paid off
in terms of her students’ learning, as well as in communication between home
and school.

Comparing the Lessons

The four classroom vignettes provide snapshots of different ways in which
students, teachers, and content interact to produce different opportunities
for student learning, teaching practice, and curriculum content to be mani-
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fested. With respect to developing the mathematical proficiency of the With
respect to

. . developing
Consider first the mathematical content and how each teacher selects, o

shapcs, and represents it for learning, Mr. Angclo, for example, constrains  mathematical
the content topic of multiplying by powers of 10 in ways that makc it likcly ~ proficiency

students in the class, each approach affords possibilities, and each holds risks,

that all students will be able to produce correct answers, at least as long as of the .
. . . - students in
they remember the rule. He provides them with a single rule that consoli- 1o 1ass

dates two separate rules, adding zeros and moving decimal points. Hisroleis  gach
to demonstrate, provide practice, and check on their progress. The focus of approach

this lesson is not to explore different methods for solving problems or probe ~ affords
the underlying meanings. Rather, he is deeply concerned with helping every :zzs;zglr;ues,

student in his class Icarn to multiply by powers of 10 cfficicntly and accuratcly.  hoids risks.

Mr. Anpclo recognizes that onc risk he faces is that students will develop
competence with the procedure and yet lack understanding of what they are
doing or why. Should they forget the procedure, they would have no concep-
tual basis for reconstructing it. However, he has seen that when they learn
rules solidly, they are able to demonstrate procedural fluency with routine
mathematical procedures. One way in which he has tried to avoid that risk is
to make sure that the rules his students do learn are not mere fragments (add
zeros, move decimal points). More general rules have greater power; he knows
that and works to avoid giving thc students lots of bits and picces.  1lc also
designs his work with them to stage the development of the procedure in a
way that he thinks will help build a better platform for their capacity to multiply
numbers by powers of 10.

Ms. Lawrence organizes her students’ mathematical work to bring them
to a general process for adding fractions, including an indication of its natural
origins and why it works. She asks questions designed to take the lesson
where she wants it to go; the students are expected to participate in that
venture, answering questions and following the devclopment of the idcas.
What she makes mathematically central—a procedure for adding fractions
together with its justification—melds conceptual understanding, procedural
fluency, and adaptive reasoning. How she engages students requires active
participation on their part, following closely her design for the lesson. Her
students rarely produce unexpected ideas or solutions, for she tightly plans
her lessons to anticipate what students will do and say, and their contribu-
tions typically fit her plan,

Again, Mr., Ilernandcz’s Iesson about different representations of rational
numbecrs is different from cither Mr. Angelo’s or Ms. Lawrcncee’s.
M:r. Hernandez’s approach involves less control of students’ work as he seeks
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to develop their understanding and skill. He takes rational number—a topic
often treated piecemeal in school mathematics—and works explicitly on con-
nections: How do different representations of the same rational number map
onto onc another? 'L'hc problems he offers studcnts arc not as straighcforward
as thosc provided by any of thc other teachers: ''hat is, the mathcmatical
work is designed to challenge the students’ thinking and to elicit specific
variations in their strategies and solutions. The tasks and the ways in which
Mr. Hernandez uses them are not designed to lead students directly to obvious
conclusions. Instead, they set the stage for the work he intends. Students’
solutions and explanations provide raw material for the lesson, and
Mr. Hernandez expects the students to work on one another’s solutions during
the class discussion. Ilc has scen that students will not automatically be able
to cngage in discussions of complex mathematical problems, cspecially in
classrooms as diverse as his. Consequently, he has been working hard over
the last few years to develop his own skills at getting all students involved,
including challenging different students appropriately.

In Ms. Kaye’s first-grade lesson on whole numbers, the students are not
taught a procedure for solving comparison problems (e.g., When you see “how
many more?” it means you should subtract). In fact, a major mathematical
goal of her lesson goes well beyond comparison of two quantities. It is to
gencrate and uncover different solution strategics, including modcling situa-
tions and using rcprescntations, to cxplore and justify thosc stratcgics, and
then to find similarities and differences between different solutions. She
wants to build on her students’ mathematical understanding,

Ms. Kaye’s lesson also illustrates that how the development of the math-
ematical content in instruction can rest on the teacher engaging students in
solving mathematical problems. In her class the students’ ideas and methods
generate significant portions of the lesson’s substance, and the students are
cxpected to play a major role in the development of the lesson—sharing their
solutions, providing cxplanations, analyzing options. Ms. Kayc’s forays around
the room give her detailed information about individual students’ progress
that she uses in directing their mathematical work toward her goals.

Because Ms. Kaye has designed a lesson that opens up space for a variety
of student ideas and methods, her approach risks generating multiplicity with-
out clarity, connection, or closure. Although it is not Ms, Kaye’s intention,
the students may conclude that mathematics is a subject in which everyone
can dcvisc his or her own cqually valid concepts and methods. 'L'he students
may fail to apprcciate the need for analysis, comparison, and cvaluation—for
common knowledge—or may continue to use their own safe procedures rather
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than developing more sophisticated ones. These are serious risks, ones she
has secen emerge both in her own teaching before she was as aware of this
problem as she is now and in the classrooms and accounts of many of her
collecagucs. Conscquently, she is now much more carcful to sce to it that the
Icsson is pulled together at the conclusion, so that the mathematical points
are made plain for students. Ms. Kaye keeps a close eye on all the district’s
learning goals for first grade as she uses problems like the one in the lesson,
being careful that she covers the curriculum for the year.

While Ms. Kaye poses a problem that invites a wide range of solution
methods appropriate for students at different places in their understanding,
Mr. Hernandez gives a problem strategically designed to elicit specific
approachces, matcrial to be uscd to advance students’ understanding of the
correspondenccs among represcntations of rational numbers. In both
M:r. Hernandez’s and Ms. Kaye’s classes, the students hear, use, and interact
with other students’ ideas. In Mr. Angelo’s and Ms. Lawrence’s classes, the
teacher 1s the source of the lesson substance, and the students engage less
with one another as a source and medium of mathematical work.

These vignettes help to show that the mathematical content and how it
is framed and formulated into instructional tasks make a difference for the
learning opportunities provided in a lesson. How the teacher interprets and
uscs such tasks to develop a Iesson also fundamentally shapes instruction.
Morcover, the ways in which the students make sensc of and cngage with the
tasks and the teacher significantly affect how the lesson proceeds. All teachers
face the challenge of engaging students in the mathematical work, maintain-
ing their focused involvement in it, and helping them take advantage of
instruction to learn. Each of our four teachers manages this challenge differ-
ently, which has different consequences for students’ opportunities to learn,
Mr. Angelo constrains the mathematical content in ways that focus students’
attention on the specific Icarning poals of the lesson, making divergence of
mecthod or result unlikely. Ms. Lawrenee musters students’ engagement by
asking them to explain and justify what they are saying. Mr. Hernandez’s
approach relies on setting challenging tasks and using anticipated students’
solutions—errors as well as correct solutions—as part of the lesson material.
Ms. Kaye engages the students through thought-provoking, carefully chosen
tasks that invite multiple representations and strategics, and then she works
intensively with individual students. Whereas Mr. Angelo runs the risk of his
students forgetting the procedure since they lack the conceptual foundation,
Ms. Kaye risks confusing her students with a blizzard of solution mecthods.
Ms. Lawrence maintains a tight focus and hence reduces the ambiguity for
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her students—ambiguity that in Mr. Hernandez’s lesson may be leading to
frustration or disengagement for his students,

Teachers vary in how they manage the content and the incentives for
students to engage in and succecd with it, and their choices present different
advantagcs and risks for lcarning.  Although it may not sccm obvious, tcach-
ers who teach in ways like Mr. Hernandez and Ms. Kaye must prepare in
detail for class; many observers of teaching fail to appreciate the significance
of design and preparation in making these sorts of lessons more effective in
helping students learn. Teachers like Mr. Angelo and Ms. Lawrence, how-
ever, need to work hard to figure out what their students are actually taking
from instruction and what that implies for their approach to teaching com-
mon mathcmatical proccdurcs.

‘I'he four lessons make plain that instruction docs not occur in a vacuum.
Parents, administrators, policies, the expectations of other teachers all may
affect teachers’ conceptions and practices. Teachers are differentially sensi-
tive to particular features of their environments and respond in different ways.
Mr. Angelo is concerned about the pressures exerted by testing and tailors
his approach to target the focus of these tests. Mr. Hernandez, in contrast, is
sure that approaching the topic more conceptually and with more complexity
will equip his students to do well even on relatively routine, skill-based tests.
Just as tecachers’ perceptions of their environments affect instruction, so too
do students’ perceptions.  Ifor examplc, if students hear criticism at home or
if parents are puzzled and concerned about the mathematics program, stu-
dents’ resulting unease will affect their interactions with their teachers.

These snapshots of four classrooms are no more than glimpses into a com-
plex set of interactions happening over time. They are segments from single
lessons and, as such, provide a nearsighted view of school mathematics in-
struction, Instruction is not self-contained in serial lessons but draws on what
happened yesterday, last week, last fall.  Idcas about decimal notation that
were taken up in a previous unit arc uscd as Mr. IIernandcz’s students grapple
with correspondences among different ways to represent rational numbers.
Ms. Kaye’s work with her first graders early in the year, helping them learn to
express mathematical ideas in speech and in writing, equips them to write
better now. Later learning builds on earlier successful accomplishment; new
ideas are constructed using those already known. For example, a teacher
could not effectively define a prime number if her students did not already
posscss somc understanding of factoring.  'I'hat understanding might have
been developed in a varicty of ways, but without it tcaching the concept of a
prime number would require simultaneously teaching about factors.
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Neither in one lesson nor over a year does any one of the core elements
of instruction—mathematical content, teacher, students—alone determine
what happens, Instead, it is in enactmenst—in their mutual and interdepen-
dent interaction—that instruction unfolds.  ‘I'he quality of instruction docs
not inhcre in any single clement, whether challenging, cxemplary curricu-
lum material; competent, enthusiastic teachers; or capable, eager students.
What makes curriculum exemplary, teachers competent, and students capable
1s their skilled use of one another to produce teaching and learning. How
well they can take advantage of the possibilities afforded by the lesson and
how well they can avoid the pitfalls determine how well students are able to
use instruction to learn and how well teachers are able to guide that learning.

We turn next to what rescarch on teaching has to say about shaping the
naturc and quality of instructional intcraction. Given the possibilitics that
are paramount in each of the episodes described above and the potential risks
of each approach, what is known about how to take advantage of the possi-
bilities and avoid the pitfalls?

Findings from Research on Teaching

The interactive perspective on instruction® that we take in this chapter
shapes our discussion of the studies we review. Using the instructional tri-
angle depiction of instruction in Box 9-1, we ask what is known about the
impact on student learning of how teachers select and use content (the teacher-
content side of the triangle), how tcacher and students intcract (the tcacher-
studcnt side), and how students interact with content (the student-content
side). Although we discuss each side of the instructional triangle separately,
instruction is not about one side alone but is about the trilateral interaction
among teacher, students, and content.

Teachers and Content

What is learned depends on what is taught. Choosing the content, decid-
ing how to present it, and determining how much time to allocate to it are
ways in which learning is affected by how the teacher interacts with the con-
tent. lfurthcrmore, some decisions about the content arc madc not at the
classroom lcvel but at the school, district, or cven state levels.

Opportunity to Learn

The circumstances that allow students to engage in and spend time on
academic tasks such as working on problems, exploring situations and gather-
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ing data, listening to explanations, reading texts, or conjecturing and justify-
ing have been labeled opportunity to learn. As might be expected, students’
opportunity to learn affects their achievement. In fact, opportunity to learn is
widcly considered the single most important predictor of student achicve-
ment.” Opportunity to lcarn can be influcneed by individual students, their
teachers, their schools or school districts, or even the country’s educational
system.

Research at the local and national levels has identified the curriculum as
a potent force in students’ opportunity to learn. Students in different cur-
riculum tracks receive differential opportunities to learn mathematics, which
is then reflected in their achievement.® Some studies show that when stu-
dents belicved to be less capable academically arc given an opportunity to
lcarn, they can in fact do so.”

Many curriculum decisions are made at the school or district level and lie
outside the province of the classroom teacher. Nevertheless, teachers still
have considerable control over their students’ opportunity to learn. TJ.5.
elementary school teachers vary widely, for example, in how much instruc-
tional time they allocate to various school subjects. In one study of second-
grade classes, the average time allocated to mathematics ranged dramatically
from a low of 24 to a high of 61 minutes a day for different teachers.” In
another study somc “tcachers spent as much as 40 percent of their time
tcaching mathcmatics; scveral others never taught mathematics in the twenty
randomly chosen hours when our observers visited each classroom.”!! That
sort of variation is not unusual across classrooms and even within an indi-
vidual teacher’s practice. Teachers also vary in how they manage the time
they have, sometimes focusing on one strand of proficiency and ignoring
others, Forexample, two fourth-grade teachers ostensibly following the same
mathematics textbook were found to spend their time quite differently: One
tecacher focuscd on concepts, and the other emphasized drill and practice of
computational skills.'> Even when the amount of time and the textbook arc
uniform, therefore, students can encounter different content and have differ-
ent opportunities to learn it.

Consider the lessons of Mr. Angelo and Ms. Lawrence in the vignettes
presented above. These two teachers use about the same amount of instruc-
tional time. The crucial differences lie in how they use that time. Mr. Angelo
works on developing fluency with the procedures without a focus on their
undcrlying meanings or justification. Ms. Lawrencce, in contrast, specnds most
of her time developing understanding of a proccdure through structurcd
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interactions with her students. Mr. Angelo gives 40 practice problems, whereas
Ms. Lawrence uses only four.

Task Selection and Usea

Researchers have recently taken a closer look at instruction by investi-
gating the choice and use of academic tasks, Tasks are central to students’
Icarning, shaping not only their opportunity to lcarn but also their view of the
subjcct matter. L'’he cognitive demand of tasks can vary significantly. Morc-
over, the tasks typically assigned to students in many classrooms make only
minimal demands on their thinking, relying primarily on memorization or
use of procedures without connections to concepts. There is growing evi-
dence that students learn best when they are presented with academically
challenging work that focuses on sense making and problem solving as well
as skill building.”® Take a couple of the tasks from our lesson vignettes. The
task presented by Mr. Ilernandcz, shading 0.725 of an 8 x 10 grid, is a
cognitively demanding task for scventh graders. 1lis students have had prior
experience with decimals, percents, and fractions, all of which they have
modeled using multiple representations. But they have not had to coordi-
nate the three, a mathematical problem of considerably more sophistication.
The task presented by Mr. Angelo is less cognitively demanding, for all that
students have to do is recall the steps of the procedure and answer questions
about them, Still, whatever task a teacher poses, its cognitive demand is
shapcd by the way studcnts usc it. In fact, tasks that arc sct up to cngage
studcnts in cognitively demanding activitics often degencrate into lcss
demanding activities as teachers and students work together to help the stu-
dent “understand.”*

Several factors have been identified as influencing the decline in cogni-
tive demand from task setup to task enactment. Chief among them is that
the task is made routine in one of two ways: The students may start pressing
the teacher to reduce the challenge by specifying explicit procedures or steps
for them to perform, or the teacher may take over the demanding aspects of
thc task when the students cncounter difficulty by cither telling them or
demonstrating what to do.

Similarly, factors have been identified that help to maintain student
engagement at a high level.’ One is choosing tasks that build on students’
prior knowledge. In our vignettes both Ms. Lawrence and Ms. Kaye use
students’ prior knowledge to engage them in demanding cognitive tasks.
Ms, L.awrence links what students already know about adding fractions to



Adding It Up: Helping Children Learn Mathematics (2001)

herpz//www . nap.cdw/openbook/30R06Y955/html/336.html, copyright 2001, 2001 "T'he National Academy of Sciences, all rights reserved

Aoong It Lie

the new topic of adding fractions with unlike denominators. Rather than
merely presenting the process, she guides them in formulating the process
themselves, building on their existing knowledge. Ms. Kaye uses students’
informal knowledge about numbers, moncy, and opcrations to posc a decmand-
ing two-digit subtraction problem to her first graders. . She also providces so-
called scaffolding to help Kurt stay engaged in the task without showing him
how to do it.

The use of scaffolding is another factor that helps to maintain student
engagement at a high level. By offering a subtle hint, posing a similar prob-
lem, or asking for ideas from other students, Mr. Hernandez provides some
scaffolding to assist his students as they reason through the grid problems.
I1c docs so without reducing the complexity of the task at hand or specifying
cxactly how to procced. 1lc allows substantial time for discussion of the prob-
lem, thus affording the students an opportunity to learn by considering and
discussing multiple solution strategies.

Allocating neither too much nor too little time for the task is another
factor associated with keeping engagement and cognitive demand high. Recall
how Ms. Lawrence steps back to give her students a chance to think. Had
she not provided that opportunity, Jim might not have come up with his solu-
tion, Mr. Hernandez also allows ample time for discussing the problems,
thus affording his students an opportunity to lcarn by considering and dis-
cussing multiplc solution stratcgics. 'I'he discussion of multiple solution
strategies at the overhead projector provides an opportunity for Mr. Hernandez
as well as several students to model a high level of performance—another
factor that helps maintain engagement in cognitively demanding tasks.
Ms. Lawrence also models a high level of performance by justifying each
step in the general procedure for adding fractions with unlike denominators,

A final factor in maintaining high levels of student engagement with de-
manding tasks is sustaincd pressurc from the teacher on cxplanation and the
dcvclopment of meaning.  'I’hroughout their lesson, Ms. Lawrence and
Mr. Hernandez press students to explain their solution processes and to attach
meaning to the symbols they are using. Ms. Kave does likewise, both as she
talks with individual students and as she responds to individual students pre-
senting their solutions to the class. Teachers must not only select and suc-
cessfully launch a high-level mathematical task but must also actively and
consistently support students’ cognitive activity without reducing the com-
plexity and cognitive demands of the task. In the classroom the teacher, the
students, and the task clearly intcract in a dynamic way to shapc students’
learning.
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Planning

Given that the learning of mathematics develops interactively over time,
cifcetive tcachers understand that tecaching requires considerable cffort at
design. Such design is often termed planning, which many teachers think of
as a core routine of teaching,.

Studies of how U.S. teachers plan show that they tend to focus on the
activities in which students will be engaged and how those activities will be
organized.'® Teachers’ plans seldom elaborate the content that the students
are to learn through their engagement with the proposed activities.” Other
rescarch suggcests that tcachers who make dctailed plans can somctimes be
relatively inflexible when students cneounter difficultics or raisc thoughtful
questions. These teachers are committed to their plans and have difficulty
making midcourse adjustments.

Some teacher educators have made planning a central objective of their
teacher preparation programs. Most programs provide prospective teachers
with model plans or rubrics to scaffold their planning, Derived from teacher
educators’ ideas about what would constitute helpful approaches to preparing
Icssons, these frameworks do not nccessarily reflect what good teachers do.

Rescarchers have rarcly explored what it might mean to preparc for teach-
ing in ways that would elaborate content goals and simultaneously equip the
teacher with good maps of the paths they might take to reach desired desti-
nations. Because many curriculum materials seek to do this sort of prepara-
tion for teachers, an important area for research is how teachers use the highly
elaborated teachers’ guides often held up by educators as positive examples.
What do teachers read when planning, how do they interpret and use what
they read, and how do thosc uscs affccet their tcaching?

Recceent studics of Japancsc profcssional development programs have
revealed a practice termed /Jesson study that involves groups of teachers working
together on single lessons, elaborating goals, investigating pupils’ thinking
and difficulties with particular content, and exploring different representa-
tions and tasks. The teachers make repeated trials of these lessons, improv-
ing them in light of their collective study of the effectiveness of the lesson
designs. We discuss this approach to professional development in chapter 10,
Ilcre we highlight the idea of designing lessons to combinc a significant clabo-
ration of onc’s content goals with a dedicated and thorough anticipation of
and preparation for a range of likely student responses. Planning can profit-
ably be seen as a detailed form of instructional design aimed at reducing the
uncertainties of one’s practice, centered on the continual adjustment and
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Successful
teachers not
only expect
their
students to
succeed but
also see
themselves
as capable of
motivating
and
instructing
students
effectively.

improvement of instruction, and informed by a close scrutiny of what hap-
pens as the lesson unfolds.

Teachers and Students

Teacher Expectations

Teachers’ selections of tasks and their interactions with students during
instruction are guided by their beliefs about what students need to learn and
arc capablc of Icarning.'  Low cxpcctations can Icad a tcacher to interact
with ccrtain students in ways that fail to support their development of math-
ematical proficiency. For example, in comparison with their treatment of
high achievers, some teachers consistently wait less time for low achievers to
answer a question before calling on someone else. They tend to give these
students the answer rather than helping them improve their responses by
rephrasing questions, they criticize them more frequently for failure and praise
them less frequently for success, they call on them less often, and they give
them less cognitively demanding questions and tasks.'  Mr. Ilernandcz might
casily have succumbed to such a temptation in responding to Michcelle’s wrong
answer. Instead, he asked her to reread the problem and think about what
would happen if 100% were to be distributed across the 80 squares. That is,
he expected Michelle to be able to solve the problem if she persisted in work-
ing on it—and on her own and with assistance from her classmates, she did.

Closely related to teachers’ expectations 1s their sense of efficacy, the
feeling that they are effective in helping students learn. Successful teachers
not only cxpcct their students to succced but also scc themselves as capable
of motivating and instructing students cffectively. Less successful tecachers
lack confidence either in themselves as instructors (e.g., “I don’t know the
mathematics well enough to teach it effectively”; “I know what I want to
teach, but I don’t know how to give my students what they need to be able to
learn it”) or in their students’ learning potential (e.g., “No teacher could be
effective with these students because they lack ability, motivation, support-
ive home environments, and so on”), Studies have identified consistent rela-
tionships among tcachers’ scnsc of cfficacy, the patterns of tcacher-student
intcractions that occur in their classrooms, and. their students’ achicvement.
For example, teachers with a high sense of efficacy tend to appear more
confident in the classroom, to be more positive and less critical with their
students, to be better classroom managers, to be more accepting and effec-
tive in responding to challenges from students (e.g., “Why are we learning
this?”), and to be more effective in supporting growth and achievement.?
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These findings on teachers’ sense of efficacy underscore the importance
of preparing teachers so they possess sufficient knowledge to teach with con-
fidence and effectiveness. They need to know the mathematics they will
tcach, their students’ current mathematical thinking, and stratcgics for rep-
resenting mathematics and mecting their students’ learning necds. 1lelping
teachers become proficient in understanding their students’ reasoning, in
choosing a good follow-up question, and otherwise providing scaffolding for
their students can be particularly challenging because such techniques require
high levels of all three types of knowledge and are different from the tech-
niques emphasized in most teachers’ prior experience.”

Motivation

To make consistent progress toward proficiency, students need to be
motivated to engage productively in mathematics lessons and the learning
activitics in thosc lcssons. Motivation for school mathematics lcarning depends
primarily on the interaction of students with tcachers and of studcnts with
mathematical tasks.?? Traditional approaches to motivation typically either
attempt to make learning fun or to rely on grades and other extrinsic rewards
and punishments to pressure students to put forth the necessary effort. Recent
research on students’ motivation has moved well beyond these traditional
conceptions to establish a richer, more balanced depiction of motivation,
allowing the identification of effective motivational strategies that apply to
the tcaching of all subjcets, including mathcmatics.?

Students’ motivation depends on both expectation and valuc.”. "L'hat is,
students are motivated to engage in a learning task to the extent that they
expect to be able to perform the task successfully if they apply themselves and
the degree to which they va/ue the task or the rewards that performing it
successfully will bring. Therefore, teachers can motivate students to strive
for mathematical proficiency both by supporting their expectations for achiev-
ing success through a reasonable investment of effort and by helping them
appreciate the valuc of what they arc learning,

Maintaining an expectation of success. To make steady
progress toward proficiency, students need continued confidence that they
can meet the challenges of school mathematics. The most basic strategy for
supporting students’ expectations of success (and their related perceptions
and beliefs, such as a sense of efficacy) involves two basic elements, The
first is to design for success by assigning tasks on which students can succeed
if they invest reasonable cffort. I'he sccond is to provide whatever scaffold-
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ing may be needed to help students acquire and apply concepts, skills, and
abilities as they work on assignments. This strategy involves building on
students’ current knowledge, which in turn requires understanding what they
alrcady know and where they arc headed.

Other strategics include helping students to commit themsclves to goals
that are near at hand, specific, and challenging and then following up by help-
ing them assess their performance in terms of their progress toward those
goals rather than by comparing their performance to that of their classmates.
In modeling their own mathematical thinking, in communicating expecta-
tions to students, and in socializing students’ attitudes and beliefs, teachers
should continually emphasize that mathematical proficiency is built up through
cxpericneces in learning and applying what has been lcarned (and arc not in-
natcly given and limited). "I’hey nced to cmphasize that students can mect
daily challenges successfully and move toward higher levels of proficiency if
they consistently put forth reasonable effort and that such effort results in a
gradual but productive deepening of understanding and refinement of skill.?

Valuing learning activities. To be optimally motivated, students
need not only confidence that they can achieve success but belief that what
they are learning is worth learning, Traditional approaches to the value aspect
of motivation havc attcmpted not to help students sce valuc in lcarning
activitics but instead to link their performance on these activitics to some-
thing else that they do value, such as the prospect of earning rewards. Rewards
can be useful, but they need to be handled carefully because they can under-
mine intrinsic motivation and distract students’ attention from learning goals
if they are overemphasized. Rewards can also have undesirable side effects if
they are tied to competitions that create winners and losers.

Alternative strategies for addressing the value aspect of motivation involve
taking advantage of students’ cxisting intrinsic motivation by cmphasizing
topics they find interesting and tasks they find enjoyable. . For cxample, stu-
dents usually enjoy responding actively rather than merely listening; oppor-
tunities to interact with their peers; situations that invite thought by posing
divergent questions; and activities with game-like features, such as puzzles
and brainteasers.? These strategies for intrinsic motivation can be helpful,
although teachers may find that their opportunities to use such strategies are
limited by constraints of time and curriculum.

Morcover, although usc of thesce stratcgics may increasc students’ ecnjoy-
ment of a Iesson, it docs not dircctly stimulate their motivation to lcarn what
the lesson is designed to teach. Motivation to learn includes the students’
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tendency to find mathematical activities meaningful and worthwhile, to try
to get intended learning benefits by attempting to make sense of the activi-
ties, to relate the new knowledge or skills they are developing to their prior
knowledge or skills, and to think about how they can apply the mathematics
they arc Iearning. 'lcachers create motivation to Icarn by modcling it in their
own classroom discourse, communicating their expectations for success,
assuming that their students are already motivated to learn, and molding their
class into a coherent learning community. When teaching particular lessons
or providing learning activities, teachers can spur students’ motivation to learn
by communicating enthusiasm for the content, stimulating curiosity or sus-
pense, personalizing the content to make it more concrete or familiar, intro-
ducing it in ways that stimulatc intcrest or an appreciation for its value,
cngaging the students in authentic applications of the content, and helping
them to remain goal oriented and attuned to strategies as they work on appli-
cations.”

The lessons taught by our four teachers illustrate some of these prin-
ciples. These teachers provide environments that support learning. Their
students participate actively by answering questions, offering solutions, or
providing explanations, Ms. Lawrence, Mr. Hernandez, and Ms, Kaye focus
on students’ understanding and sense making, and they try to connect the
Icsson to students’ prior knowledge. Mr. Angelo gives his rule for multiplying
by powecrs of 10 and rclates it to the carlicr “add zeros” rule for multiplying
by powers of 10 greater than one. His approach of giving explicit rules to
follow helps to assure success on the tasks, provided that students can
remember the rule. Mr. Angelo relies for motivation on the personal engage-
ment he shows with his students and on the extrinsic pressures built into the
grading system. Rather than motivate students through interest or intrinsic
aspects of the intellectual work, he inspires confidence because the goal seems
attainablc.

Teaching Students with Special Needs

Although cxisting rescarch docs not provide clear guidcelines for tcaching
mathematics to children with severe learning difficulties, existing evidence
and experience suggest that the same teaching and learning principles apply
to all children, including special-needs children. It has long been assumed
that children with moderate, mild, and borderline mental retardation or learn-
ing disabilities are not capable of meaningful or conceptual mathematical learn-
ing and, thus, unlike other children, have to be taught by rote. Researchers
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tendency to find mathematical activities meaningful and worthwhile, to try
to get intended learning benefits by attempting to make sense of the activi-
ties, to relate the new knowledge or skills they are developing to their prior
knowledge or skills, and to think about how they can apply the mathematics
they arc Iearning. 'lcachers create motivation to Icarn by modcling it in their
own classroom discourse, communicating their expectations for success,
assuming that their students are already motivated to learn, and molding their
class into a coherent learning community. When teaching particular lessons
or providing learning activities, teachers can spur students’ motivation to learn
by communicating enthusiasm for the content, stimulating curiosity or sus-
pense, personalizing the content to make it more concrete or familiar, intro-
ducing it in ways that stimulatc intcrest or an appreciation for its value,
cngaging the students in authentic applications of the content, and helping
them to remain goal oriented and attuned to strategies as they work on appli-
cations.”

The lessons taught by our four teachers illustrate some of these prin-
ciples. These teachers provide environments that support learning. Their
students participate actively by answering questions, offering solutions, or
providing explanations, Ms. Lawrence, Mr. Hernandez, and Ms, Kaye focus
on students’ understanding and sense making, and they try to connect the
Icsson to students’ prior knowledge. Mr. Angelo gives his rule for multiplying
by powecrs of 10 and rclates it to the carlicr “add zeros” rule for multiplying
by powers of 10 greater than one. His approach of giving explicit rules to
follow helps to assure success on the tasks, provided that students can
remember the rule. Mr. Angelo relies for motivation on the personal engage-
ment he shows with his students and on the extrinsic pressures built into the
grading system. Rather than motivate students through interest or intrinsic
aspects of the intellectual work, he inspires confidence because the goal seems
attainablc.

Teaching Students with Special Needs

Although cxisting rescarch docs not provide clear guidcelines for tcaching
mathematics to children with severe learning difficulties, existing evidence
and experience suggest that the same teaching and learning principles apply
to all children, including special-needs children. It has long been assumed
that children with moderate, mild, and borderline mental retardation or learn-
ing disabilities are not capable of meaningful or conceptual mathematical learn-
ing and, thus, unlike other children, have to be taught by rote. Researchers
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have found, however, that it useful not to prejudge them or to assume that
they learn by means of different “laws of learning,” Instead, it is in the best
interest of special-needs children to assume that the following principles apply
to all children: (a) lcarning with understanding involves connccting and
organizing knowlcdge; (b) lcarning builds on what children alrcady know;
and (c¢) formal school instruction should take advantage of children’s informal
everyday knowledge of mathematics.?

Learning difficulties among special-needs children stem largely from
instruction that violates one or more of these principles. Common mistakes
in their instruction include (a) not assessing, fostering, or building on their
informal knowledge; (b) overly abstract instruction that proceeds too quickly;
and (c) instruction that rclics on memorizing mathematics by rote. In other
words, the Icarning difficultics of special-needs children and children in gen-
eral are the same.

When special-needs children are taught mathematics in accordance with
the above principles, many show significant improvement in learning con-
cepts and skills and can exhibit considerable proficiency.? Furthermore, even
within what are presumed to be homogeneous groups of children, there are
significant individual differences in their readiness and capacity to learn par-
ticular mathematical skills and concepts, Together, these findings imply that
many, if not all, spccial-nceds children can benefit from meaningful instruc-
tion that addrcsscs the development of all five strands of proficicney and that
gives attention to both the students’ thinking and the mathematics.

Note that it does not follow from the above principles that special chil-
dren should be treated identically to their same-age peers. For children with
mental retardation, for example, it may take several years to help them con-
struct the number or arithmetic concepts that other children do in a much
shorter span of time. Moreover, applying these principles to teaching spe-
cial-nceds children may require creative adaptations. With children who arc
blind, for cxamplec, computer-basced instruction may not be helpful or may
need to be adapted in imaginative ways. Likewise, for children with commu-
nication disorders, creative solutions may be required to enable them to ben-
efit from small-group work.® Again, good instruction of special needs chil-
dren will depend on reflective, knowledgeable, and flexible teachers.

Special-needs children can benefit from careful and thoughtful use of
both mainstreaming and segregated instruction, Mainstreaming is an instruc-
tional tool that can be uscd wiscly or not. Currently, it is all too oftcn uscd
inflexibly and incffectively. . Consider the casc of Ann, a Down syndrome
child, who is placed in a regular eighth-grade mathematics class along with
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children the same chronological age. Ann sits through class after class with
little or no comprehension of the instruction. The assigned aide tries to dis-
cuss the instruction afterward, but with little success. The aide also provides
simplificd or watcred-down workshccts (c.g., asking Ann what half of various
amounts arc instcad of workshcets on opcrations on fractions). In bricf, Ann's
integration into the class is in name only and does almost nothing to foster
her mathematical proficiency or even rote learning of mathematics.

It is worth noting that Alfred Binet devised the IQ) test and advocated
segregated instruction for low-ability students for the most humane of rea-
sons. As the case of Ann illustrates, he saw that such children were often
utterly lost in regular classrooms and suffered terribly there. Because segre-
gated instruction was implemented poorly or abuscd, it has now largely been
abandoncd. Now cducators advocate mainstrcaming for the most humanc of
reasons. Unfortunately, this approach is all too frequently being implemented
poorly. In the end there is no substitute for providing adequate support for
all children. This support includes providing sufficient staff who are both
well trained and caring. Real improvement in the education of special-needs
children will also require moving past dogmatic positions and taking a reflec-
tive approach that takes into account the best interests of each child.

Interactions with Different Students

In the mathematics class the teacher naturally interacts differently with
diffcrent students. Somectimes, however, differential intcractions arc associ-
atcd not with differcnees in mathematical ability or accomplishment but with
differences in students’ social class, ethnicity, language, or gender. For
example, studies have shown that boys have a larger number of academic
interactions with teachers in mathematics class than girls do. Not only is the
quantity of interactions different, but the quality differs also. Studies have
documented that girls often receive simpler, more routine questions than boys,

' As noted ear-

who then receive more difficult and challenging questions,?
licr, somc tcachers interact differently with lower achicving students than
higher achicving students, giving them Icss time to respond, asking them
less demanding questions, criticizing them more often, and calling on them
less. And lower achieving students are disproportionately children of color,
from poverty, or from households without native speakers of English. Not
only is there substantial evidence that teachers interact differently with stu-
dents, but students from marginalized groups are also more vulnerable than

other students are to self-fulfilling prophecies of low expectations,™
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Interactions between teacher and student need to be appropriate to the
student and the content, regardless of the student’s social class, ethnicity,
language, or gender. Effective teachers often make use of their students’
interests to cngage them in academic tasks. lffective teachers of urban African
Amcrican students do so by making usc of the culture of their students. "I'hey
demonstrate an understanding of their students’ backgrounds and experi-
ences, link classroom content to those experiences, use familiar cultural pat-
terns, and focus on the child.®®* High expectations for all students without
regard to their social class, ethnicity, or gender can also pay high dividends.
For example, low-achiecving minority students can do as well as other students
when placed in more demanding programs,® Also, in a study of teachers in
schools scrving children of poverty, higher achicvement results were obtaincd
when teachcers placed more emphasis on meaning in their mathematics class-
rooms.* Because the quality of the interaction of teacher and student around
the content is so critical to the success of instruction, the most successful
teachers are not merely sensitive to the cultural diversity of their students
but use that diversity to enrich the learning experiences they provide to the
class as a whole

Communities of Learners

Creating classrooms that function as communities of learners has been
the focus of much recent research and scholarship in mathematics educa-
7 In the rescarch on teaching and learning mathematics with under-
standing, four featurcs of the social culture of the classroom have been iden-
tified.*® The first is that ideas and methods are valued. Ideas expressed by
any student warrant respect and response and have the potential to contrib-
ute to everyone’s learning.

A second feature of a classroom community of learners is that students

tion.?

have autonomy in choosing and sharing their methods of solving problems,
Students recognize that many strategies are likely to exist for solving a problem,
they respect the methods used by others and that others need to understand
their own mcthods, and they arc given the frecdom to cxplore alternatives
and to share their thinking with the rest of the class. Notice how
Mzr. Hernandez has three other students besides Michelle share their solu-
tions to the grid problem. Ms. Kaye has five students present their solution
methods. She also engages the class in a discussion of the similarities and
differences between the various methods. In contrast, Ms, l.awrence and
Mr. Angelo, although they call on students to answer questions, are more



Adding It Up: Helping Children Learn Mathematics (2001)

herpz//www . nap.cdw/openbook/30R06Y955/html/345 html, copyright 2001, 2001 "T'he National Academy of Sciences, all rights reserved

g TeacHivg For MAatHEMATICAL PRrOACIENCY 345

interested in presenting a correct solution method than in soliciting multiple
methods,

A third feature of classrooms that function as communities of learners is
an appreciation of the valuc of mistakes as sites of lcarning for cveryone.
Mistakes arc not covered up; rather, they arc uscd as opportunitics to cxam-
ine reasoning and to deepen everyone’s analysis. The appreciation of mis-
takes is a fundamental aspect of mathematical work outside the classroom;
inside, it helps build the community. When Michelle makes a mistake on
the grid problem, Mr. Hernandez does not tell her it is wrong and then call on
someone else. He uses it instead to push her thinking,

Finally, a core feature of these classrooms is the recognition that the au-
thority for whether somcthing is both correct and scnsible lics in the logic
and structurc of the subject rather than the status of the tcacher or the popu-
larity of the person making the argument. The resolution of disagreements
resides in mathematical argument. Both Mr. Hernandez and Ms. Kaye have
their students justify their solution strategies. Although Ms. Lawrence
frequently asks her students to justify their work, when she presents the pro-
cedure for adding fractions with unlike denominators, she provides the justi-
fication. She does use mathematical properties to explain the procedure,
however, rather than simply present the rule as Mr, Angelo did. Hence, in
addition to sclecting tasks with goals in mind and sharing csscntial informa-
tion, the tcacher’s primary role is to cstablish a classroom culturc that sup-
ports learning with understanding, thereby serving to motivate students to
learn.

Managing Discourse

An important part of classroom instruction is to manage the discourse
around the mathematical tasks in which teachers and students engage.
Teachers must make judgments about when to tell, when to question, and
when to correct. They must decide when to guide with prompting and when
to let studcnts grapple with a mathematical issuc.  ''hcir decisions do not
simply rest with the mathematical task at issuc. 'I'hey also need to decide
who should get the floor in whole-group discussions and how turns should be
allocated. "Teachers have responsibility for moving the mathematics along
while affording students opportunities to offer solutions, make claims, answer
questions, and provide explanations to their colleagues. The point of class-
room discourse is to develop students’ understanding of key ideas. But it
also provides opportunities to emphasize and model mathematical reasoning



Adding It Up: Helping Children Learn Mathematics (2001)

hetpz//www . nap.cdw/openbook/30R06Y955/html/346.html, copyright 2001, 2001 "T'he National Academy ot Sciences, all rights reserved

346

Aoong It Lie

and problem solving and to enhance students’ disposition toward mathematics.
Therefore, discourse needs to be planned with these goals in mind, not merely
as a “checking for understanding” form of recitation,

"leachers arc often inclined to call on students who have the corrcet or
desircd solutions. 'L'his practicc makes managing the discoursc Iess complex,
since less complicated or confusing ideas get the floor. It also shapes both the
task and students’ opportunities to learn from it.

QOur four teachers manage the discourse in their classrooms in very differ-
ent ways. In Mr. Angelo’s lesson, for instance, he does virtually all the talk-
ing, opening only a few constrained entry points for students to offer their
answers, Ms, Kaye, in contrast, deliberately elicits five disparate solutions
from a rangc of students.  'I'’he group discussion forms the content of the
lcsson, so individual students’ idcas contribute dircctly to the cnacted cur-
riculum of the class. Ms. Lawrence controls students’ contributions to the
lesson but proffers complex questions so that the discourse requires substan-
tial work from students. She manages by planning strategic questions to move
the lesson to its goal. Mr. Hernandez incorporates students’ ideas into his
design, deliberately sowing questions that will get particular issues and 1deas
on the table for the class to hear and learn from. Managing the discourse is
both one of the most complex tasks of teaching and the least thoroughly
studicd. . Rescarch needs to make visible tcachers’ considerations as they
handlc classroom discoursc and the conscquences of their moves for students’
learning.

Grouping

Students are sometimes grouped for instruction either by curriculum path
or achievement level. Grouping by curriculum, often called #racking, is more
common in high school, where different curriculum tracks exist for students
with different goals for the future: college, business, or trades. Grouping by
achievement level is more common in elementary and middle schools. At
thosc grades, homopgencously grouped classcs arc usually taught cssentially
the same content, but the higher the level, the greater the depth and breadch
of mathematical ideas and the more rapid the pace.

Grouping by achievement level is especially relevant in grades pre-K to
8. We make two points about such grouping. First, it is in fact grouping by
achievement and not ability grouping, as it is so often called. The test scores
(and in some cases school grades) that provide the basis for such grouping are
measures of mathematical knowledge and skills that students have accumu-
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lated to date; they are not measures of some underlying (presumably fixed,
stable, and possibly innate) substrate of mathematical ability. What is known
about neural capacity and brain functioning with respect to mathematical
abilitics is limitcd and largely speculative. "I'he cvidence docs not support
any practicc of grouping prc-K to grade 8 students according to their supposed
mathematical abilities. Meanwhile, data from international comparisons
(especially studies of Asian countries) support proceeding on the assumption
that all students can achieve important mathematical learning goals and work-
ing within heterogeneously grouped classes to see that students do.

In the United States, interest in grouping students by achievement for
mathematics instruction has waxed and waned over the years. Proponents of
homogencous grouping claim that reducing the range of achicvement levels
within a class or group cnables the teacher to mect that group’s nccds morc
consistently. Opponents of such grouping claim that the advantages to high
achievers are overstated. Instead of providing low achievers with ideal
instruction that helps them make rapid gains in proficiency, homogenous
grouping typically results in low achievers being taught a barren curriculum
by less capable teachers in classes that lack strong peer role models. Any
gains that might accrue to the high achievers are more than offset by losses to
the low achievers and by the resultant perpetuation of social class, racial, and
cthnic incquitics in schooling.®

‘I'his controversy highlights a sccond point about grouping: Many studics
on grouping have been conducted over the years (including studies on group-
ing for mathematics instruction), but the results concerning effects on achieve-
ment have been both weak and mixed.® The findings indicate that overall
mathematical achievement is likely to be similar whether students are grouped
homogeneously or heterogeneously, especially if the same curriculum is pro-
vided to all groups. When the curriculum is altered, tracking appears to ben-
cfit students in high-track classcs.”' . At the same time, there is cvidence that
heterogencous classcs may help students whosc carlicr performance was low,
with little effect on other students’ performance.* An analysis of data from
the National Education Longitudinal Study (NELS), however, found that
the estimated achievement of average and high-achieving students would be
depressed in heterogeneous eighth-grade mathematics classes.® If one were
to look only at these achievement data, one might conclude that it makes
little difference whether students are grouped homogeneously or heteroge-
ncously. Ilowcver, concerns raiscd about undcsirable side cffects of homo-
gencous grouping in grades pre-K—8 in the United States, as well as interna-
tional comparison data indicating that some countries with the most impressive
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mathematical achievement scores practice heterogeneous grouping, suggest
that heterogeneous grouping is the wiser course in the elementary and middle
school grades.

Significant improvements in students’ mathematical achicvement arc
morc likely to result from adjustments in curriculum and instruction than
from adjustments in how students are assigned to classes. The snapshot of
Ms. Kaye’s class illustrates how a teacher can work effectively with a hetero-
geneous group of students. All of her first graders are given the same prob-
lem, but she encourages the use of different solution strategies depending on
the level of the student. Mr. Hernandez provides another example. He allows
students to present both more and less sophisticated procedures, provided
the students can cxplain them. In cach casc the key is the intcraction of the
tcacher and the students around a challenging problem, rather than some
particular instructional organization.

Cooperative Groups

Cooperative grouping of students in a class is a teaching practice that has
become popular in recent years. Because it has also been a target of concern
and criticism, we devote specific attention to it and to the warrants for and
conditions of its use. First, important to realize is that there is no single prac-
tice or structure that can be identified as “cooperative groups.” Cooperative
groups are usually groups of three, four, or five students who have been given
a task to work on togcther, with some cffort by the teacher to specify the role
cach child is to play in the group’s work. . "I'’he scveral different modcels for
organizing and conducting cooperative groups generally share common goals.
One goal is to specify the social processes of the groups so as to accommodate
students’ lack of experience with collective work and to provide them with
support. A second is a commitment to distributing classroom talk more widely,
encouraging all students to talk, to share their ideas, and to become more
actively engaged intellectually, A third is to help students develop their social
and collaborative skills and not just support their lcarning of content. Like
most such techniques and tools, whether cooperative groups contribute to
the development of mathematical proficiency depends primarily on how they
are used.

Several models of cooperative grouping have been extensively studied.
The research indicates that these cooperative group methods are likely to
have positive effects on achievement and on other social and psychological
characteristics.® The effects on achievement appear to be related to the use
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of specific rewards for a group based on its members’ performance rather
than on the particular cooperative method used. Ensuring the accountability
of individual group members for the collective work can prevent one or two
students from doing it all while the others simply copy or sit passively. 'I'he
most cffeetive methods combine group goals with individual accountability.

Effects of such grouping on outcomes other than achievement are more
impressive. Cooperative grouping arrangements promote friendship and posi-
tive social interaction among students who differ in achievement, gender,
race, or ethnicity, and they promote acceptance of handicapped students who
have been placed in regular classes, Although there may be disadvantages to
using cooperative groups, their judicious use may have potential nonacademic
benefits.

IFor cooperative groups to be cffective, students necd to be taught how to
work in this mode. Simply telling students to push their desks together and
work on a task together does not ensure cooperative learning, Skills for work-
ing cooperatively have to be taught directly, and students need to be pre-
pared for both the social and the cognitive demands of such work. Further,
there is evidence that children’s collaborative interactions vary across social
and cultural groups.*® For teachers to use cooperative groups effectively, they
also need to select, organize, and present tasks that are well suited both to
collaborative work and to the curriculum.

Cooperative grouping is onc of many instructional practiccs that tcachcers
may choose to use at times. It is neither a wholesale replacement for whole-
class instruction nor a disastrous technique to be avoided at all costs. IFurther,
the cooperative methods that have been found to produce positive learning
outcomes take knowledge and skill to implement. Like any practice, coop-
erative groups can be used effectively or not,

Assessment

Information about students is crucial to a teacher’s ability to calibrate
tasks and lcssons to students’ current understanding and skills. Mr. [Iernandcz
and Ms. Kayc have cach designed the Iesson to afford them critical informa-
tion about their students’ progress. The tasks they frame create a strategic
space for students’ work and for gaining insight into students’ thinking.
Ms. Lawrence gets some of the same sort of information from her probing of
Jim’s solution. Although Mr. Angelo and Ms. Lawrence get some idea of how
students are doing by circulating around the room, they use the questions
they ask during class as their primary mode of assessment during the lesson.
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In addition to tasks that reveal what students know and can do, the quality
of instruction depends on how teachers interpret and use that information,
Teachers” understanding of their students’ work and the progress they are
making rclics on the tcachers’ own understanding of the mathematics and
their ability to usc that undcrstanding to make scnsc of what the students arc
doing. Moreover, after interpreting students’ work, teachers need to be able
to use their interpretations productively in making specific instructional
decisions: what questions to ask, tasks to pose, homework to assign. Studies
show that when teachers learn to see and hear students’ work during a lesson
and to use that information to shape their instruction, their instruction becomes
clearer, more focused, and more effective,

Morc formal sources of asscssment information can also help improve
the quality of instruction, including homework, projcct reports, notcbooks,
journals, quizzes, tests, and examinations. The more precise and detailed
the information and the better coordinated it is with curricular goals, the better
a resource It is for instruction. Teachers’ ability to interpret and make judi-
cious strategic use of assessment information from many sources is a critical
factor in their instructional effectiveness.

Students and Content

Students and Tasks

How well a mathematical task works to support students’ learning is a
function both of its quality—that is, of its potential for stimulating math-
cmatics lcarning—and of the ways students interpret and usc it. "I'he tasks
Mr. Ilernandcez designed offer sufficient complexity to be challenging becausc
he has varied the grid from the familiar 10 X 10 to other configurations. His
students can make sense of these tasks and are able to work on them, coming
up with solutions that open opportunities for instruction. Had the tasks been
either too difficult or too trivial for these students, the tasks might not have
worked, One important consideration in designing mathematical tasks, there-
fore, 1s that they must take account of what the students already know and
must maximizc the possibility for the students to make progress in lcarning
the content. 'L'his process entails judgments about design so that the tasks
anticipate students’ responses and are built on appropriate-sized mathemati-
cal steps. All four of our teachers were able to choose and pose problems that
engaged their students in addressing the mathematical goals for the lesson.
Where the lessons differed was in the mathematical significance of the tasks
and in the challenge they posed to students’ thinking and learning,
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Practice

Role of practice. '|o many studcnts, practice is as much a part of study-  The role of
ing mathcematics as of playing a sport or a musical instrument. 'I'hc rolc of  practice in
practice in mathematics, as in sports or music, is to be able to execute proce- Mathematics,
. . . . . as in sports or
dures automatically without conscious thought. ‘That s, a procedure is prac- oo 5o b
ticed over and over until so-called antomaticity is attained. ¥’ able to execute
There are cognitive benefits to automatization. The more automatically procedures

a procedure can be executed, the less mental effort is required. Since each al{trc])matically
without

. i conscious
onc time, more complex tasks can be done well only when some of the subtasks thought.

arc automatic.*® Ilcnce, the automatization of mathematical proccdurcs is
justifiable when those procedures are regularly required to complete other
tasks. For example, basic multiplication combinations such as 4 X 6 = 24 and
6 x 7 = 42 are needed for estimation, multidigit multiplication, single-digit
division, multidigit division, and addition and multiplication of fractions, to

person has a limited amount of mental effort that he or she can expend at any

name a few. Therefore, multiplication combinations need to be practiced
until they can be produced quickly and effortlessly. The availability of calcu-
lators and computers raiscs the question of which mathematical proccdurcs
today nced to be practiced to the point of automatization. Singlc-digit whole
number addition, subtraction, multiplication, and division certainly need to
be automatic, since they are used in almost all other numerical procedures.
Opinions vary, however, as to which other procedures should be made
automatic.

Kinds of practice. Textbook and worksheet exercises offer the most
common kinds of practicc used in U.S. mathematics classrooms. Such cxcer-
ciscs arc uscd to provide students frequent and repcated opportunitics to
practice what they have learned. Often the practice is directly associated
with the topic of the lesson, with the teacher or other students providing
assistance until the student can perform independently. Another approach
distributes the practice over a longer period: On any one day, only a few of
the exercises assigned might address the lesson topic, and the rest would
address topics studied earlier in the year. Such distributed practice is based
on the principlc that mastery is achicved gradually and oncc achicved is main-
taincd through regular practice. . A number of studics of the U.S. curriculum
have concluded that it is too repetitive.* These criticisms are about topics
being retaught year after year, not about students practicing learned concepts
and procedures throughout the year to improve efficiency and retention.
Ms. Lawrence’s assignment of a mixture of problems is presumably no acci-
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dent. Notice that she has even included problems on whole-number addi-
tion to help her students maintain their skill with that operation,

Sites for practice that often go unrecognized are problem solving and the
Icarning of new content.®® When a group of primary tcachcers in scvcral stud-
ics shiftcd their cmphasis from skills to problem solving, for example, there
was no overall change in their students’ computational performance.” Their
students were still getting ample opportunity to practice computations.
Ms. Kaye’s lesson 1s an example of how practice can be embedded in problem-
solving activity. Students can also practice previously learned skills while
they are learning new material. Consider how much practice students get
with single-digit addition while learning how to add multidigit numbers,

Homework

Homework is widely viewed as a useful supplement to classroom instruc-
tion. . Little is known, howcver, about how much or what kinds of homcwork
to assign for lcarning to be optimal. 'I'he limited rescarch on homework has
been confined to investigations of the relation between the quantity of home-
work assigned and students’ achievement test scores. Neither the quality
nor the function of homework has been considered. In fact, even the defi-
nition of homework—done in school or not and with what assistance, if any—
has not always been clear, Several useful purposes that homework can serve
have been identified, including providing practice, preparing students for
the next class, fostering traits such as responsibility and independence, and
communicating with the home. Assigning homework for punishment, how-
ever, is always inappropriate.®

As a site for practice, homework can be used to increase procedural flu-
ency and to maintain skill. Homework can provide for both focused and
distributed practice. When used for practice, homework assignments should
be realistic in length and difficulty if students are to complete them indepen-
dently and successfully. Students, however, need to be able to perform pro-
ccedures corrcetly before they undertake practice without supcrvision.
Othcrwisc, the practice can automatize incorrect procecdurcs, which arc then
difficult to correct. Further, homework must be monitored and followed up
if it is to have instructional value.®* In making her homework assignment,
Ms. Lawrence first determines that the students understand the new proce-
dure and can perform it correctly. The next day she will follow up on the
assignment by asking the students to check one another’s work on selected
problems,
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Students can be assigned tasks for homework that might be used to launch
the next day’s lesson or to engage the class in an enrichment activity, For
example, Mr. Angelo uses the homework to introduce the rule for multiply-
ing by powcrs of 10. In Mr. Ilcrnandcz’s class, students arc asked to try the
various stratcgics that have been presented and to think about which onc
they thought was “best” in preparation for the next day’s discussion.

Homework also provides a means to communicate with parents about
the importance of schoolwork and learning. Many opportunities exist to send
home assignments that call for relatively little parental involvement. They
may require no specialized knowledge, or relatively simple guidelines may
be provided. For example, parents or other caregivers can supervise practice
on the basic number combinations. Ilomework support nceds to be provided,
howcver, when home environments may make doing homework difficult.

Manipulatives

I'hc usc of concrete matcrials, somcetimes termed manipulatives, for tecach-
ing mathematics is widely accepted, particularly in the elementary grades.
Manipulatives should always be seen as a means and not an end in them-
selves. They require careful use over sufficient time to allow students to
build meaning and make connections. Beginning in the 1960s, manipulatives
gained popularity in U.8. elementary school mathematics with the introduc-
tion of a variety of concrete materials, including base-10 blocks, Cuisenaire
rods, chips for trading, logic blocks, fraction picces, and Unifix cubcs, to name
a few,

Manipulatives have had their advocates and critics. Both sides agree,
however, that simply putting concrete materials on desks or suggesting to
students that they might use manipulatives is not enough to guarantee that
students will learn appropriate mathematics from them. The relationship
between learning and the use of manipulatives is far more complex than many
mathematics educators have thought, Recent research has explored how stu-
dents intcract with manipulatives. Students may not look at thesc objects
thc samc way adults do, and it can be a challenge for students to scc math-
ematical ideas in them. When students use a manipulative, they need to be
helped to see its relevant aspects and to link those aspects to appropriate
symbolism and mathematical concepts and operations.® Observational studies
have documented cases in which students were taught to use manipulatives

»56

in a prescribed way to perform “wooden algorithms.”?¢ Tf students do not see

the connections among object, symbol, language, and idea, using a manipula-
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tive becomes just one more thing to learn rather than a process leading to a
larger mathematical learning goal>”

When used well, manipulatives can enhance studentunderstanding, They
can, for cxample, cnable tcachers and students to have a conversation that is
grounded in a common referential medium, and they can provide matcrial on
which students can act productively provided they reflect on their actions in
relation to the mathematics being taught.® The base-10 blocks that Kurt is
using in Ms. Kaye’s class provide both student and teacher with a way to
discuss the problem that would have been more difficult without the blocks.
Research on four successful projects aimed at teaching multidigit number
concepts and operations through a problem-solving approach found that, al-
though diffcrent in approach, the projccts treated the usc of conceptual sup-
ports, whether manipulatives or diagrams, in similar ways.”  liach project
provided sustained opportunities for students to construct connections be-
tween the conceptual support, the written symbols, and the number words
and to use the object-word-symbol triad in solving multidigit addition and
subtraction problems. Manipulatives also help students correct their own
errors.® The evidence indicates, in short, that manipulatives can provide
valuable support for student learning when teachers interact over time with
the students to help them build links between the object, the symbol, and
the mathematical idea both represent.

Calculators

Although calculators arc uscd morc frecquently than manipulatives in
grades 4 and 8, the use of calculators is more controversial in mathematics
lessons in grades pre-K-8 than are manipulatives, particularly in the elemen-
tary grades. Although mathematics educators have advocated the appropri-
ate use of calculators since the 1970s, persistent concerns have been expressed
that an extensive use of calculators in mathematics instruction interferes with
students’ mastery of basic skills and the understanding they need for more
advanced mathcmatics.®

A largc number of empirical studics of calculator usc, including long-
term studies,” have generally shown that the use of calculators does not
threaten the development of basic skills and that it can enhance conceptual
understanding, strategic competence, and disposition toward mathematics.
A meta-analysis of 79 research studies on the effects of calculator was con-
ducted in 1986 and extended in 1992 with nine additional studies.® This
analysis found that with the exception of the fourth grade, students at all
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grade levels who used calculators together with traditional instruction main-
tained their computational skills, For average-ability students, a small nega-
tive effect at fourth grade suggested that sustained use of calculators at that
gradc might hamper the acquisition of basic skills. On the other hand, usc of
calculators cnhanced basic skills acquisition by average-ability students at all
other grade levels, so the negative effect at fourth grade might have been an
artifact of conditions specific to those studies that included fourth graders.
For all ability groups at all grades, problem solving was improved by the use
of calculators. The positive effects were found when calculator use was per-
mitted in testing; the effects were weak or absent, but never negative, when
testing was conducted without calculators, Students using calculators were
also found to posscss a better attitude toward mathematics and a better sclf-
concept in mathematics. "1'his meta-analysis of calculator usc has been widely
cited to support efforts to introduce calculators into mathematics instruction
in grades K to 8. Meta-analysis as a procedure for synthesizing research results,
however, has not been without its critics.® Studies included in such meta-
analyses often vary in quality and use a variety of different treatments labeled
with a single term, in this case “calculator use.”

Long-term studies of calculator use, however, support the findings of the
meta-analysis. A study in Sweden found that students in grades 4-6 who
uscd calculators improved in conceptual understanding, the ability to choosc
the corrcct operation, and proficicncy with cstimation and mental arithmetic
but did not lose skill in pencil-and-paper calculations when compared with
students in traditional classes.®* The students in the experimental classes
continued to study algorithms, but they spent relatively less time on algo-
rithms and more on problem solving than students in the traditional classes.
In an Australian project involving over 60 teachers and 1,000 students, stu-
dents who had been given unrestricted access to a calculator beginning in
kindcrgarten were familiar with a wider range of numbers, were better with
mental calculations and cstimation, and were better able to tackle rcal-world
problems than students who had not had access to calculators. Their pattern
of use of standard algorithms, left-to-right algorithms, and invented methods
did not vary greatly from that of the children who did not have access to
calculators. Further, they did not become reliant on calculators at the expense
of other methods of calculations. Tn sum, no detrimental effects of calculator
use were observed.® These findings are consistent with those from England
in which six-ycar-olds in a calculator awarcness projcct, comparcd with children
in a rcgular program, demonstratcd knowledge of a wider range of numbers,
including decimals and negative numbers. Project children also performed
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better than traditionally taught children with respect to understanding and
mental computations and were more enthusiastic and persistent.”

Calculator use has been increasing in the United States since 1980, In
the 1996 NAEP, tcachers of 80%. of both fourth graders and cighth graders
reported that their students had access to calculators at school. Only 33% of
the fourth graders were reported to use calculators as frequently as once a
week, whereas 76% of the eighth graders reportedly used calculators daily or
weekly. These percentages were up from 16% and 56%, respectively, in 1992.
Concomitantly, the percentage of students who never or hardly ever used
calculators in class was down from 51% to 26% at the fourth grade and from
24% to 9% at the eighth grade.®* On TIMSS similar percentages for calcula-
tor usc were reported by U.S. tcachers.  In somc countrics, including some
high-achicving countrics (such as Japan and Korca) as wcell as in somc low-
achieving countries, mathematics teachers rarely had students use calcula-
tors.®” Internationally, there does not appear to be a correlation between
calculator use and achievement in mathematics.

The question, therefore, is not whether but how calculators should be
used. There is very little empirical research, however, on the effectiveness of
various uses of calculators. Issues just beginning to be investigated include
when calculators should be introduced, how young children should use them,
and how much time nceds to be spent on written algorithms when calculators
arc available. In thc cxperimental projects described above, calculator usc
was accompanied by instruction on number combinations and traditional writ-
ten algorithms and by an emphasis on mental calculations. These projects
also demonstrate how instructional emphasis in a calculator-inclusive envi-
ronment can shift from computational procedures to problem solving and
mental arithmetic. Although there is substantial support for the use of calcu-
lators in school mathematics, their role and place remain open to debate and
cxpcrimentation.

Issues in Improving Instruction

Rescarch on teaching mathematics offers uscful dircetion for developing
instructional practices that lead to mathematical proficiency. The studies we
have cited, as well as others too numerous to include, offer a set of recurrent
findings worthy of attention. Although these findings are presented in broad
strokes, they matter for the finer-grained questions of concern to practitioners
and policy makers, parents, and the public. Unless these findings are under-
stood, efforts to improve instructional quality and consequent learning are
likely to founder.
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First, no instructional practice, commodity, or material exists indepen-
dently of context and participants as a durable and reliable resource for
developing mathematical proficiency. How teachers and students interpret,
valuc, and usc such matters as time, curriculum, books, tasks, and calculators
shapcs whether and how thesc affect instruction.

Second, effectiveness depends on enactment. The effectiveness of a
curriculum, for example, depends not only on its mathematical integrity and
organizational design, but also on how usefully it guides instruction. Although
analyses of the content of instructional materials are crucial, so too are analy-
ses of how those materials actually play out in lessons day by day across units
of instruction: what is taught, in what ways, and what students lcarn, The
samc can be said of tools and tcchniques such as manipulatives, calculators,
small-group. work, and homcwork.

Third, teachers and students’ interactions about mathematics iteratively
shape the effectiveness of their instructional work. Teachers’ expectations of
students can shape the nature of the tasks the teachers pose, what they ask,
how long they wait, how and how much encouragement they provide—
elements that together compose students’ opportunities to learn as well as
their motivation and confidence to learn. The students’ responses, in turn,
affect teachers’ estimates of their capacity and progress, shaping their next
movces with students.

Although much is known about cffcctive instruction, many qucstions merit
close study if teachers and researchers are to develop the kind of knowledge
needed to improve instruction. We conclude with some core issues crucial to
building the knowledge base on teaching and learning for mathematical pro-
ficiency.

The first issues center on our myopia in examining the research. The
research on teaching that we reviewed was almost entirely U.S. based. Closer
probes of practice in other social, political, and cultural scttings may chal-
lenge many current assumptions about cffective instruction in mathematics.
Despite an intense and appropriate interest in practices in other countries,
Americans know too little about instruction or its effects in other systems.
The interactive framework in this chapter offers a perspective that could be
used to design studies to look across systems. Comparative research that
affords opportunities to learn about key elements of teaching and learning, as
well as examining both practice and the environments that shape it, would be
cnormously helpful in developing a greater knowledge of tcaching and learn-
ing for mathematical proficiency. . Rescarchers need to address not just what
the curriculum is but how it is used and what teachers and students do with
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it, not just how much time is allocated for mathematics but how that time is
spent. They need to investigate not just whether calculators or other resources
are used, but how they are used.” Research that looks across countries can
providc a sharper picturc of what matters in instruction aimed at developing
proficicncy.

A second set of issues concerns instruction over time. Although learning
is fundamentally temporal, too little research has addressed the ways in which
instruction develops over time. Many studies are restricted to isolated frag-
ments of teaching and learning, providing little understanding of how the
interactions of teachers, students, and content emerge over time, and how
earlier interactions shape later ones. How do ideas developed in class affect
later work, and what affcets tcachers’ and students’ ability and inclination to
makc such links, as well as their usc of such conncctions over time? 1low is
time used, and how does its use by teachers and students affect the quality of
instruction?

A third arena concerns students and how their diversity affects instruc-
tion. Too little research offers insight into the experience of students and
how the instruction offered, together with their responses to it, affects their
learning. Still more important, there are too few well-designed studies that
would offer insight into how instruction might be developed to work effec-
tively for all students. ‘loo often, rescarch on classroom tcaching and Icarn-
ing cither studics faccless, colorless students and teachers out of context, or it
is situated in particular contexts but lacks a design that permits analyses that
could provide the knowledge needed for effective instruction in mathematics.

Fourth, too little research has addressed what it takes for students to learn
mathematics in class. What do students need to do, and know how to do, in
order to profit from the instruction offered by each of our four teachers? A
cursory glance at any mathematics class makes plain that the skills, abilities,
knowledge, and dispositions displayed by students arc not the same, and yet
tecachers and rescarchers rarcly attend to what students necd to know and be
able to do in order to use instruction effectively. DPeople seem to assume
implicitly that instruction acts on students and that opportunities to learn are
actually moments of learning. Research that examined both what students
have to know and do in mathematics instruction and what teachers can do to
enable all students to make use of that instruction would add significantly to
the knowledge base on teaching and learning mathematics,

A fifth sct of issucs has to do with reconnccting rescarch on tcacher knowl-
cdge with instructional cffectivencss. Although most pecople belicve that
teachers’ knowledge of mathematics and of students makes a difference for
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the quality of teaching, little empirical confirmation of this belief can be found.
Moreover, too little is known about the mathematical knowledge that teachers
need and how it is used in instruction. We discuss this point more in chapter
10, but it is important to the discussion in this chapter, too.  livery time we
reiterate that how tcachers #se texts, manipulatives, and calculators makes
the difference, we are hovering around questions concerning what teachers
know and how they make use of that knowledge in teaching,

Finally, too little of the extant research probes the work of teaching at a
sufficiently fine grain to contribute to the development of a conceptual and
practical language of practice. Much of the interactive work in instruction
remains unexamined, which leaves to teachers the unnecessary challenge of
reinventing their practice from scratch, armed with only gencral advice.
Suggcstions that a class “discuss the solutions to a problem” providces little
specificity about what constitutes a productive discussion and runs the risk of
a free-for-all session that resembles sharing more than instruction. Research
needs to be designed to illuminate what is entailed in a “discussion” and to
probe the specific moves that teachers and students engage in that lead to
productive rather than an unproductive discussions.

Instruction that develops mathematical proficiency is neither simple,
common, nor well understood. Tt comes in many forms and can follow a vari-
cty of paths. As this chapter decmonstrates, such instruction offers numecrous
fertile sites for rescarch that could make a profound difference in tecachers’
practice and their students’ learning,

Notes

1. Aninteractive perspective on teaching and learning has been discussed by a number
of people, including Piaget, Vygotsky, Baucrsfeld, Steier, Voigt, Hawkins, Gravemcijer,
Easley, Cobb, and von Glascrfeld. The particular version employed here is based on
the work of Cohen and Ball, 1999, 2000, in press.

2. Cohen and Ball, 1999, 2000, in press.

3. This lesson is typical of lessons obscrved in many U.S. classrooms during the past
half-century. Sce, for cxample, the report by Fey, 1979, or the more recent TIMSS
video study (Stigler and Hicbert, 1999).

4. Note that Mr. Angelo has avoided 109, partly because the rule is stated in terms of
moving the decimal point, and multiplying by 10° = 1 leaves the number unchanged.

5. U.S. cighth-grade lessons from the TIMSS video study were characterized the same
way. Sce Stigler and Hicbert, 1999.

6. Cohcen and Ball, 2000.
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